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Abstract 

The notion of a G')-module is defined by Tong Liu in 2010 to classify lattices in semi- 
stable representations. In this paper, we study torsion {(fi, G)-modules, and torsion p-adic 
representations associated with them, including the case where p = 2. First we prove that the 
category of torsion p-adic representations arising from torsion {ip, G')-modules is an abelian 
category. Secondly, we construct a maximal (minimal) theory for (<^, G)-modules by using 
the theory of etale {if, G)-modules, essentially proved by Xavier Caruso, which is an analogue 
of Fontaine's theory of etale (ip, r)-modules. Non-isomorphic two maximal (minimal) objects 
give non-isomorphic two torsion p-adic representations. 
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1 Introduction 

The notion of a G)-module was introduced by T. Liu in |Li3] to classify lattices in semi-stable 
representations. In this paper, we give various properties of torsion {ip, G')-modules such as the 
Cartier duality theorem. Furthermore, we study the category of torsion representations arising 
from torsion {ip, G)-modules. Let G be the absolute Galois group of a complete discrete valuation 
field K of mixed characteristic (0,p) with perfect residue field. Fix r G {0, 1,2,..., oo}. Our study 
is motivated by the following question: 

Is any torsion Zp-representation of G a torsion semi-stable representation with 
Hodge- Tate weights in [0,r]? 

Here, a torsion Zp-representation of G is said to be torsion semi-stable with Hodge-Tate weights in 
[0,r] if it can be written as a quotient of two lattices in a semi-stable p-adic representation of G 
with Hodge-Tate weights in [0, r]. It is known that the above question does not have an affirmative 
answer if r < ex: and thus it makes sense only if r = cw. We propose an approach to this question 
by using ((/?, G)-modules which gives a description of a (torsion) semi-stable p-adic representation 
with Hodge-Tate weights in [0,r]. The theory of Breuil modules also gives a description of these 
representations in terms of linear algebra (cf. |Li2| ). however, for technical reasons, we have to 
assume r < p — 1 when we use this theory for integral or torsion representations. On the other 
hand, there is no restriction on r in the theory of {if, G)-modules. This is the main reason why we 
focus on ((/?, G)-modules. 

Let Repto^(G) be the category of finite torsion Zp-representations. Let Rep^Qj.(G) be the cate- 
gory of torsion semi-stable representations. We denote by Mody'^ the category of torsion {cp, G)- 
modules of height r and T: Mody'^^* Repto,.(G) the associated functor (see Section 2). Let 
Rep^p(G) be the category of torsion representations arising from torsion [ip, G)-modules, that is, 
the essential imag e of f on Mod^*^ . Then the inclus ions 

Rep?*,(G) c Rept(G) c Rept„,(G) 

are known (cf. |CL2| . Theorem 3.1.3). Since our interest is related with the equality of categories 
Rept*j.(G) and Reptoj.(G), we want to know a difference (if it exists) between above three categories. 
The following is the first main result of this paper: 

Theorem 1.1. The category Rep^j.(G) is an abelian full subcategory o/RepjQj.(G) which is stable 
under taking a subquotient, 0, ® and a dual. 

To show the category Rep[^j.(G) is abelian, we give two different proofs. The first one uses a 
deep relation, proved by T. Liu, between ((p, G)-modules and representations associated with them 
(cf. Lemma l4.2p . The second proof is based on a result on maximal {minimal) objects of {(p,G)- 

modules. In general, the category Mody'g is not abelian and T: Mod^'g Repto^(G) is not 
fully faithful. The theory of maximal (minimal) objects allows us to avoid such a situation: Denote 
by Maxy'i? the full subcategory of Mody'^^* whose objects are maximal. Then we obtain a functor 

Max'' : Mody'g^ -J> Maxy'^^ which is a retraction of a natural inclusion Maxy^? ^ Modyg' and 
commutes with T. We prove 

Theorem 1.2. The category Maxy'^? is abelian and artinian. Furthermore, the restriction of T 
on Max'^'g is exact and fully faithful, and its essential image is stable under taking a subquotient. 
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In particular, we immediately understand that the category Rep[^;.(G) is abelian. If r < cxd, we 
can define the full subcategory Min^'^ of Mod^^^^ whose objects are minimal and the functor 

Min'' : Mod^'^^ — >■ Min^'g ; they satisfy analogous properties as those stated in Theorem ll.2l Fur- 
thermore, the Cartier duality theorem gives a connection between maximal objects and minimal 
objects (cf. Proposition I5.28( ). Maximal (minimal) objects are first defined for finite flat group 
schemes by M. Raynaud [Raj . X. Caruso and T. Liu generalized Raynaud's theory, with respect to 
finite flat group schemes killed by a power of p, to torsion Kisin modules [CLl , whose representa- 
tions are defined on Goo- Here Goo = Gal{K / Kao) and K^o = U„>o-ft'(7r„), tto = vr a uniformizer 
of -fC, TT^^i = 7r„. Furthermore, a categorical interpretation of maximal (minimal) objects is given 
in [Ca3j . Our theorem described as above is an extended result of |CL1| in a certain sense. In the 
case where r = oo, we obtain the following: 

Corollary 1.3. The functor T: Mod^*^ Rep).oj.(G) induces the equivalence of abelian categories 
between the category Max^*^ of maximal torsion {ip,G) -modules of finite height and the category 
Rep^^(G) of torsion 'Lp-representations of G arising from {(p,G) -modules. 

To define maximal (minimal) objects of torsion (1^9, G)-niodules, we introduce an etale {ip,G)- 
module, which is an etale iy9-module (in the sense of J.-M. Fontaine |Fop equipped with certain 
Galois action. Arguments of the theory of (ip, r)-modules of jCa4j give us the fact that the category 
of torsion etale {(p, G)-modules is equivalent to ReptQ^(G). 

Now denote by e the absolute ramification index of K. If er < p — 1, then all torsion {ip, G)- 
modules of height r are automatically maximal and minimal. Therefore, we have 

Corollary 1.4 (= CoroUarv I5.34p . Suppose er < p — 1. Then the category Mod^'g is abelian 

and artinian. Furthermore, the functor T : Mody^? — > RepjQj.(G) is exact and fully faithful, and 
its essential image is stable under taking a subquotient. 

Such a result on torsion Breuil modules has been proved by X. Caruso (cf. |Ca2| . Theoreme 1.0.4). 
We hope our study will be useful to solve the question described in the start of this paper, (cf. 
Section 5.7). 

Now we describe an organization of this paper. In Section 2, we recall some results on Kisin 
modules and (95, G)-modules and prove some fundamental properties of them which are often used 
in this paper. In Section 3, we prove the Cartier duality theorem of [ip, G)-modules. In Section 4, 
we prove Theorem 11.11 Finally in Section 5, we give a theory of etale (1^9, G)-modules and define 
maximal (minimal) objects for (95, G)-modules, and prove Theorem ll.2l 

Convention. For any Z-module M, we always use Af„ to denote M/p'^M for a positive integer 
n and Afoo = M ®z Qp/^p- We reserve p> to represent various Frobenius structures and (pM 
will denote the Frobenius on M . However, we often drop the subscript if no confusion arises. All 
representations and actions are assumed to be continuous. 

Acknowledgements. The author wants to thank Shin Hattori who gave him useful advice and 
comments throughout this paper, in particular. Section 5.6. This work is supported by the Grant- 
in-Aid for Young Scientists Start-up. 

2 Preliminaries 

In this section, we recall some notions and results which will be used throughout this paper. 
2.1 Notation 

Let be a perfect field of characteristic p > 2, W{k) its ring of Witt vectors, Kq = W{k)[l/p\, 
K a finite totally ramified extension of iiTo, K a fixed algebraic closure of K and G = Ga\{K / K) . 
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Throughout this paper, we fix a uniformizer n € K and denote by E{u) its Eisenstein polynomial 
over Kq. Let & = equipped with a Frobenius endomorphism (p via u i-^ and the 

natural Frobenius on W{k). 

Let R = l^mOff/p where is the integer ring of K and the transition maps are given by the 
p-th power map. By the universal property of the ring of Witt vectors W{R) of R, there exists a 
unique surjective projection map 6: W{R) which lifts the projection R Oj^/p onto the 

first factor in the inverse limit, where O/f is the p-adic completion of O/f . For any integer n > 0, 
let 7r„ S be a p"-th root of tt such that 7r^_|_i — 7r„ and write n — (7r„)„>o G R. Let [tt] £ W{R) 
be the Teichmiiller representative of tt. We embed the M^(A:)-algebra into W{R) via the 

map u ^ [tt]. This embedding extends to an embedding 6 ^ W{R), which is compatible with 
Frobenius endomorphisms. 

Let O be the p-adic completion of (3[l/u], which is is a discrete valuation ring with uniformizer 
p and residue field k{{u)). Denote by £ the field of fractions of O. The inclusion & W{R) 
extends to inclusions O ^ W{FiR) and £ ^ VF(Fri?)[l/p]. Here Fri? is the field of fractions of R. 
It is not difficult to see that Fri? is algebraically closed. We denote by the maximal unramified 
field extension of £ in T4^(Fri?)[l/p] and O"'' its integer ring. Let be the p-adic completion of 
f"'' and O"'' its integer ring. The ring (resp. O"'') is equal to the closure of in iy(Fri?)[l/p] 
(resp. the closure of O"'' in W{FrR)). Put 6"'' = n W{R). We regard aU these rings as 
subrings of W{FtR) [1 /p] . 

Let Koo — ^n>oK{TTn) and Goo = Ga\{K / Koo)- Then Goo acts on and f continuously and 
fixes the subring © C W{R). We denote by Rep2^(G'oo) (resp. RepQ^(G'oo)) the category of continu- 
ous Zp-linear representations of Goo on finite Zp-modules (resp. the category of continuous Qp-linear 
representations of Goo on finite dimensional Qp-vector spaces). We denote by ReptQj.(Goo) (resp. 
Repf^(Goo)) the fuU subcategory of Rep^^(Goo) consisting of Zp-modules killed by some power of 
p (resp. finite free Zp-modules). Similarly, we define categories Rep2j^(G),RepQ^(Goo),Reptoi.(G') 
and Repf^(G) by replacing Goo with G. 

2.2 Etale (/^-modules 

In this subsection. We recall the theory of Fontaine's etale (/^-modules. For more precise information, 
see A 1.2. 

A finite O-module M is called etale if M is equipped with a (/)-semi-linear map (pM : M ^ M 
such that ip'^j is an isomorphism, where ip'^j is the O-linearization 1 (ExpM ■ 0(>^^^o M ^ M oi ipM- 
A finite f -vector space M is called etale if M is equipped with a 95-semi-linear map lpm : M ^ M 
and there exists a (/3-stable O-lattice L of M that is an etale O-module. We denote by '^M/g 
(resp. #M/£) the category of finite etale O- modules (resp. the category of finite etale f-modules) 
with the obvious morphisms. Note that the extension Koo/K is a strictly AFF extension in the 
sense of |Wi| and thus Goo is naturally isomorphic to the absolute Galois group of ^((m)) by the 
theory of norm fields. Combining this fact and Fontaine's theory in |Fo| . A 1.2.6, we have that 
functors 

% : '*M/o ^ Rep2^(Goo), M ^ (O^ ®o MY=^ 

and 

% : *M/£ ^ RepQ^(Goo), M ^ {£^^ ®£ My=' 

are equivalences of abelian categories and there exist natural ©"'-linear isomorphisms which are 
compatible with (^-structures and Goo-actions: 

®Zp %{M) -^cF'(g)oM for M e '*M/o (2.2.1) 

and 

f"®Qpr,(M) ^f^^(g)£Af for Af e *M/£. (2.2.2) 
On the other hand, define functors 

Rep^^(Goo) ^'*M/o, T (O^ T)^" 
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and 

7W*: RepQ^(Goo) ^ *M/£, T ^ {£^'^ Tf^ . 

There exist natural ©"''-linear isomorphisms which are compatible with (^-structures and Goo- 
actions: 

0^'^^oM,iT)^0^'^^z^T for T G RepzJGoo) (2.2.3) 

and 

£^'(S£M.{T) ^F'^(E)Q^T forTeRepQ^(G'oo). (2.2.4) 

We denote by ^M/q^ (resp. ^M/q) the category of finite torsion etale C-modules (resp. the 
category of finite free etale (9-modules). 

Proposition 2.1. The functor T* induces equivalences of categories between ^"M-jq^ [resp. ^'M./q, 
resp. *M/£) anrf Reptor((jcx>) {resp. Repfr(Goo); resp. RepQp(Gcx3)). Quasi-inverse functor of T* 
is M*. 

The contravariant version of the functor T* is useful for integral theory. For any T G Reptor(G'cx)), 

put 

M{T) = Homz^[G<^] (T, ^"VO"'') if T is killed by some power of p, 
M{T) = Homz^iG^] (T, O^^) if T is free, 
and for any T G RepQ^(Goo), put 

A1(T) = HomQ^[G^](T,£^0- 
Then we can check that T{M) is the dual representation of %{M). For any M G *M/o, put 

r(M) = Homo,<^(M, £"7e>"^) if M is killed by some power of p, 

T{M) = Homo,<^(M, O^) if M is p torsion free, 
and for any M G f>M j£ , put 

r(M) =Hom£,^(M,£^0. 

These formulations give us contravariant functors T and M. (on appropriate categories) such that 
A^orc^Id,roA1 ~Id. 

2.3 Kisin modules 

A ip-module {over &) is a ©-module M equipped with a (yj-semi-linear map (p: ^XIl ^ DJl. A ip- 
module is called a Kisin module. A morphism between two (/^-modules (9Jti,<^i) and (!Eft2,¥'2) is 
a S-lincar morphism 9Jti — ;> 9Jt2 compatible with Frobenii ipi and (^2. Denote by 'Mod^g the 
category of cp-modules 3Jl of height r in the following sense; 

• if r < 00, then DJl is of finite type over & and the cokernel of </?* is killed by E{uY , where </?* 
is the ©-linearization 1 (g) © ®<p,s — >■ SOt of (/?, 

• if r = 00, then 931 is of height r' for some integer < r' < oo. In this case, 971 is called of 
finite height. 

Let Mod/g^ be the full subcategory of 'Mod/g consisting of finite ©-modules 9Jt which satisfy 
the following: 

• 971 is killed by some power of p, 
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• SOT has a two term resolution by finite free ©-modules, that is, there exists an exact sequence 

of ©-modules where 91i and arc finite free ©-modules. 

Let Modyg be the full subcategory of 'Mod/g consisting of finite free ©-modules. There exists a 
useful criterion for an object of 'Mody@ whether it is an object of Mody@ or not (see Proposition 
12. 9p . To describe the criterion, we need a bit more notion. A (^-modules DJl is called p' -torsion free 
if for all non-zero element x G 971, Anne(a:^) = or Anne(a;) = p"© for some integer n. This is 
equivalent to the natural map VJl O (E}e 931 being injective. If 931 is killed by some power of p, 
then 9Jl is p'-torsion free if and only if dJl is u-torsion free. Therefore, if 9Jt G 'Mod/g is killed p 
and p'-etale, 9H is finite free as a A:|u]-module by the structure theorem of finite A;|M]-modules. A 
t/j-module 9Jl is called etale if 9Jl is p'-torsion free and COe 9Jl is an etale O-module. Since E{u) is 
a unit of O, we see that, for any 97t G 'Mod^@, 9Jt is etale if and only if 9Jt is p'-torsion free. Any 
object of 93t G Mod/g is clearly etale. 

For any DJl G Mod^g^, we define a Zp [Goo] -module via 

Tg(9Jl) =Homg,^(9n,©^), 

where a Goo-action on rg(9K) is given by {a.g){x) — a{g{x)) for a G Goo, 9 G rg(97l), a; G 931. The 
representation Tg(9Jl) is an object of RepjQj.(Goo). 

Proposition 2.2 ( |CLlj . Corollary 2.1.6). The functor Tg : Modyg^^ Reptoj.(Goo) is exact and 
faithful. 

Proof. The exactness follows from Proposition 12.41 below and the fact that the functor (971 i— > 
O ®e 93t) from Mod/g^ to ^M/o is exact (since O is flat over ©). □ 

Similarly, for any 931 G Modyg, we define a Zj,[Goo]-module via 

Ts(93l) =Homg,^(97l, ©"'■). 
The representation Tg(93l) is an object of Repfj.(Goo) and rankzprg(93T) — rankg93l. 

Proposition 2.3 ( Ki^, Corollary 2.1.4 and Proposition 2.1.12). The functor Tg : Mod/g -J> 
Repf^(Goo) is exact and fully faithful. 

Let 931 G Mod/g^ (resp. 931 G Mod/g). Since E{u) is a unit in O, we see that M = m[l/u] := 
O (Sib 931 is a finite torsion etale 0-module (resp. a finite free etale O-module). Here a Frobenius 
structure on M is given by (pM — '■Po ® ■ 

Proposition 2.4 ([m]. Corollary 2.2.2). Let 93t G Mod/g^ or 931 G Mod/g. Then the natural 
map 

Teim)^T{0^e 931) 
is an isomorphism as Zp-representations of Goo- 

2.4 (v?, G')-modules 

Let S be the p-adic completion of W{k)[u^ ^j""* ]»>o and endow S with the following structures: 

• a continuous (/?-semi-linear Frobenius ip: S ^ S defined by ip{u) = u^. 

• a continuous linear derivation N : S S defined by N{u) = —u. 

• a decreasing filtration (FirS')i>o in "5*. Here FiPS* is the p-adic closure of the ideal generated 
by the divided powers ^j{E{u)) — ^^jj^ for all j > i. 
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Put Sko = S[^/p] ~ Kq ®w{k) S. The inclusion W"(fc)[u] ^ W{R) via the map u ^ [tt] induces 
inclusions © ^ 5 ^ Acns and Skq ^ ^tris- regard all these rings as subrings in iJ^-jg. 

Fix a choice of primitive p'-root of unity C,pi for i > such that Cpi+i = Cp- ■ Put e = (Cp* )i>o G 
i?^ and t — log([£]) e Acris- Denote by z^: W^(i?) W{k) a unique lift of the projection R k. 
Since i'(Kcr{9)) is contained in the set pW(k), v extends to a map v. Acris — >■ Wik) and v: -Sj^jg —J' 
For any subring A C B'^^-^^, we put /+A = Ker(i/ on -B^jg) n A. For any integer ri > 0, 

let t^"'' = i'^^"''7g(n)(^-^) where n ^ (p ~ l)q{n) + r(n) with < rin) < p - I and 7j(x) = fr is 
the standard divided power. 

We define a subring TZkq of B'^^-^^ as below: 

oo 

TIko = 0'^ I fz e S'ifo and ^ as i oo}. 

1=0 

Put = TZko n and /+ = I+TZ. 

For any field F over Qp, set Fpoo = U^Qi^(Cp")- RecaU = U„>o-ftr(7r„) and note that 
Koo,p°° = U„>oif(7r„, Cp°° ) is the Galois closure of i^Too over if. Put = Gal(ifoo,p°°/-?^oo), -ffoo = 
Gal(-^/i<roo,p=), Gp=o ~ Ga\{Koo,p'=° / Kpo^) and G = Ga\{Koc,,p=° /K). 




Figure 1: Galois groups of field extensions 

Proposition 2.5 f |Li3| . Lemma 2.2.1). (1) TZ (resp. 'R-Kq) is a ip-stable 6-algebra as a subring in 
WiR) (resp. B+J. 

(2) TZ and /+ (resp. Rkq ^.''^d I+TZko) '^'"^ G-stable. The G-action on TZ and (resp. TZkq and 
I+TZko) factors through G. 

(3) There exist natural isomorphisms TZko/I+TZko — Kq and 7?.//+ ~ S/I-^-S ~ ~ W{k). 

For any Kisin module (9Jl, i^ot) of height r, we put DJl — TZ CSi^^e 9^ and equip *H with a 
Frobenius (p^jy^ by ipr^-^ = <j)j^ ® ip^jyi ■ It is known that a natural map 

'■m^Tz ®^,e an = s&t 

is an injection f jGL2| . Section 3.1). By this injection, we regard 971 as a iy9(6)-stable submodule in 

m. 

Definition 2.6. A weak {(p, G)-module {of height r) is a triple 9jt = (OJt, (^aji, G) where 



7 



(1) (971, ipm) is a Kisin module (of height r), 

(2) G is a 7?,-semi-linear G-action on TZi^^^eDJl which induces a continuous G-action on Vt^ (Fri?)(g)^.e 
DJl for the weak topologj0, 

(3) the G-action commutes with 

(4) mcM"''. 

A weak ((p, G)-niodule 971 is caUed a (93, G) -module if it satisfies the additional condition 

(5) G acts on the M^(fc)-module M/I+M trivially. 

If 971 is a torsion (resp. free) Kisin module of (height r), we call 971 a torsion (resp. free) 
{if, G) -module (0/ height r). By analogous way, we define the notion of a torsion (resp. free) 
weak {(p, G)-module. If 971 = (97t, ip<xfi, G) is a weak (ip, G)-module, we often abuse of notations by 
denoting the underlying module TZ i8>^,s 97t. 

A morphism /: (971, 1^, G) {DJl',ip',G) between two weak (1^9, G)-modules is a morphism 
/: (9Jt, If) ipyt', ip') of Kisin-modules such that f:M ^M' is a G-equivalent. We denote 
by wMody'g (resp. wMod^'g , resp. Mod^g , resp. Modyg) the category of torsion weak (</J, G)- 

modules ( resp. free weak {ip, G)-modules, resp. torsion {p, G)-modules, resp. free {ip, G)-modules). 
We regard IDT as a G-module via the projection G ^ G. A sequence DJl' ^ 971 — > 971" — > 
of (weak) (p, G)-modules is exact if it is exact as 6-modules and all morphisms are morphisms of 
(weak) {p, G)-modules. 

For a weak {p, G)-module 971, we define a Zp[G]-module as below: 

f{m) = Uom^^^im, W{R)^) if 971 is killed by some power of p 

and 

f(m) = Honi^^^(OT, W{R)) if 971 is free. 

Here, G acts on f{m) by (ct./)(x) a{f{a-\x))) for a G G, / £ f (Wt), x G OT. 
Let 971 = (971, p<xn,G) be a weak {p, G)-module. There exists a natural map 

9: re(97l) f{m) 

defined by 

e{f){a(E)m) = ap>{f{m)) for / e Te(97l), ae:^,me97t, 

which is a Goo-equivalent. 

Let denote by Rep^^ (G) the category of G-stable Zp-lattices in semi-stable p-adic representa- 
tions of G with Hodge- Tate weights in [0,r]. 

Theorem 2.7 f [Li3] . [CL2] 1 ■ Letm= (m,pm,G) be a weak {tp,G) -module. 

(1) The map 0: Te(97l) — )■ T(97t) is an isomorphism of 2,p[G oo\-modules. 

(2) The functor T induces an anti- equivalence between Modg'^ and Rep2p(G). 

Corollary 2.8. The functor T: ^Mody'^^' — RepjQ^(G) is exact and faithful. 

^ Suppose that STt is free as a ©-module. Give Ti. Cg)^9,g (resp. W{FtR) ®ip^is 2t) the weak topology using any 
7?.-basis (resp. Vy(Pri?)-basis), which is independent of the choice of basis. Then we may replace the condition (2) 
with the following condition (2)': 

(2)' G is a continuous 'R.-semi-linear G-action on TZ (8)<p,© for the weak topology. 

In fact, if G acts on TZ ®^^<s continuously, then the G-action on T(OT) is continuous for the p-adic topology (the 
definition for T(OT) is given before Theorem 12.71 1. Since the map t in Lemma 14. 21 (4) is a topological isomorphism 
for weak topologies on both sides, we see that the G-action on W{FiK) ®ip,6 is automatically continuous. 
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Proof. The exactness of the functor f follows from l2.4l and Theoreni l2.7l flV Since Tg : Mod/g^ — s- 
Reptoj.(G'oo) is faithful, the faithfulness of T follows from the following commutative diagram: 

Hom a {m,m'f -HoniMod^^ (9Jt, OIT')'-^ Homc^ (TeCW), re(OT)) 

w /Boo °° 

f i 

Romaifim'), f (OT))C ^ HoniG^ {f{m'),f{m)). 

□ 

2.5 Some fundamental properties 

In this subsection, we give some fundamental, but important, results on Kisin modules and {ip, G)- 
modules. We start with the following proposition which plays an important role throughout this 
paper. 

Proposition 2.9 ([Lil , Proposition 2.3.2). Let e 'Mod/g he killed by p". The following 
statements are equivalent: 

(1) OTeMod;;e^. 

(2) is u-torsion free. 

(3) 9Jt is etale. 

(4) DJl has a successive extension of finite free kluj-modules in 'Modyg^, that is, there exists an 
extension 

= OTo C S«i C ■ • ■ C OTfe = 

in 'Mod/g^ such that 9Jli/97li_i £ 'Mod^g^ and 9Jti/3Jli_i is a finite free kluj-module. 

(5) DJl is a quotient of two finite free &-modules *Jt' and with 91', 91" G Mod^g. 

Remark 2.10. By Lemma 2.3.1 of [Lilj . it is easy to see that, for any i, DJli and VJli/DJli^i 
appeared in Proposition 12.91 (4) are in fact objects of Mod^g^. 

Corollary 2.11. Let A be a &-algebra without p-torsion. Then Tor® (971, A) = for any Kisin 
module 9Jt. In particular, the functor DJl t-^ A CS)g 9JT is an exact functor from the category of Kisin 
modules to the category of A-modules. 

Proof. If 9Jl is a free Kisin module, then the fact Torf (971, A) = is clear. Let 971 be a tor- 
sion Kisin module and let show Torf (971, A) = 0. For this proof, we use Proposition 12.91 (4) 
and devissage to reduce the proof to the case that 971 is killed by p. Then it suffices to show 
Torf (fc|u|,A) = 0. The exact sequence — (5 A © — > induces the exact sequence 

Torf (6,A) ^ Torf (A;M,A) ^ A 4 A, and since Torf ((5,^1) = and A has no p-torsion, we 
obtain Torf (971, A) ^ 0. 

□ 

Corollary 2.12. Let 971 be an object o/ Mod/g^ or Mod^g. Let A C B be a ring extension of 
p-torsion free & -algebras. Suppose that the natural map Ai — Bi is an injection. Then a natural 
map A ®e 97t — > S (g)g 97t is injective. 

In this paper, we often regard A (g)g 971 (resp. A CSi^^e 9^) as a submodule of B (X)g 97t (resp. 
S®^,©97t). 

Proof. The statement is clear if 97t is free over 6 or killed by p (since Ai C Bi). Suppose that 971 
is killed by some power of p. Take an extension = 97lo C 97li C • • • C 97lfc = 971 as in Proposition 
[12] (4). Note that 971^ and 97tj/97li_i are in Mod/g^ (cf. Remark CTI)) . Since two horizontal 
sequences of the diagram 
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^ A (g)6 arij-i ^ A (g)6 971, ^ A 06 Tl^-i ^ 



^ B ®e Wti-i ^ B ®e ^ B ®e 9Jt,_i ^ 

are exact (see Corollary 12. lip , an induction on i induces the desired result. 

Corollary 2.13. Let Jfl he an object o/Modyg^ and 9t any (p-module over & with 93T C DT. Let 
& G A C W(FtR) be a ring extension such that ©i — )■ FiR is injective. 

(1) A natural map A 0e 971 —> ^ ®e 91 is injective. 

(2) // A is ip-stable, then a natural map A (8><p,e 97! — ?► A ®ip,e 91 *s injective. 

Proof. We only prove (2) (the proof for (1) is similar). See the following commutative diagram: 

A 0^,6 971 ^ A (g>^^e 9t 



W{FrR) 



971- 



M^(Fri?) . 



m. 



The left vertical map is injective by Corollarv 12 . 121 and the bottom horizontal map is also injective 
since <p: 6 — >■ W{FyR) is flat. Hence we obtain the desired result. □ 

□ 

Remark 2.14. Let n > be an integer and & C A C B C M^(Fri?) a ring extension. 

(1) If A satisfies the condition that the natural map An W„(Fri?) is injective, then for any 
A C B C W{FiR), the map An — >■ B„ is also injective. 

(2) (cf. |CL2j . Lemma 3.1.1 and [Fol, Proposition 1.8.3)We have the following injections: 

^n^ ^ W„(i?)C ^ W^„(Fri?) 



6 ^ 



Corollary 2.15. Let 971 be an object o/Mod/@^ and n > an integer. Then p"Te(97T) — if 
and only if p"^ffl — 0. 

Proof. The sufficiency is clear from the definition of Tg. Suppose p"Te(97t) = 0. First we prove 
the case where n = 0. By Proposition 12.91 and Remark l2.10l there exists an extension 



97lo C 97li c ■ • • C 97tfc 



971 



in Mod/g^ such that 97li+i/97ti G Modyg^ and 97li+i/97ti is a finite free fc[uJ-module. Taking 
Tg to the exact sequence — J> 971^ — 97li+i 97li+i/97li — 0, we obtain an exact sequence — 
rg(97t,+i/97l,) ^ Tg(9n,) ^ rg(97l,+i) ^ of Zp[Goo]-modules. Since Tg(9Hfe) = rg(9n) = 0, 
we obtain rg(97li+i/97li) — 0. By Lemma 2.1.2 of [Ki], this implies 971^ = 97tfc_i and in particular, 
rg(97tfc_i) = 0. Inductively, we obtain 97tfc = 97lfc-i = • • • = 97lo = 0. For general n > 0, we 

consider an exact sequence — >■ ker(p") — 971 ^ 9Jt in Mod/g^. Since p"Tg(9Jl) — 0, if we take 
Tg to this sequence, we have Tg(97t) ~ Tg(ker(p")). Therefore, taking Tg to an exact sequence 

^ kcr(p") ^> 971 ^ 97l/ker(p") ^ in Mod/g_^, we obtain Tg(97l/ker(p")) = and then 
97t/ker(p") =0. °° □ 

Lemma 2.16. Let dJl be a finite &-module. //971 is p' -torsion free, then 97l/p97t is also. 



Proof. We may suppose that 97t 7^ 0. By an elementary ring theory, we obtain -\/Anng(97t/p97l) = 
^Anng(97l) +p6 = p6 and thus Anng (97T/p97l) = pS. □ 



10 



Proposition 2.17. Let 971 G Mod/@^ and 971 e Mod/'g^ for some r,r' £ {0, 1, . . . , cx)}. Then 
^'gf^f «s an o6jeci o/ Mod/+^. // we pwi M (g) Tl' = ^gf^f , t/ien i/iere exists a canonical 
isomorphism Te{M (g) 97t') ~ re(9Jt) Te(9Jt') o/ Zp[G'oo]-morfMZes. Furthermore, if Tl or M' 
is killed by p, then 971 (Sie is u-torsion free. 

Proof To check ™ZtoT' ^ ^'^^'/el not difficuh. Putting M = 97l[l/u] and M' = m'[l/u], we 
have ^ggf [I/m] ~ M (g) M'. By Proposition O we obtain T6(9JT 971') ~ T(A/ (go M') ~ 
r(M) ®zJ'r(Af') ~ re(97t) g)Zp Te(97l'). The last assertion follows from Lemma [2lE □ 

Proposition 2.18 (Scheme-theoretic closure, |Lil| . Lemma 2.3.6). Let f : DJl L be a morphism 
of ip -modules over 6. Suppose that 971 and L are p' -torsion free and 971 € 'Mod^g. Then ker(/) 
and im(/) are etale and belong to 'Mod/g . In particular, ifdJl£ Mod/g^ , then ker(/) and im(/) 
are aZso m Mod^g^. 

There exists a G)-analogue of the above proposition. 

Corollary 2.19. Let M and ^m' be in wMod^'^" {resp. Mod^l" ). Let f : M M' be a morphism 

of (if, G)-modules. Then, ker(/) and im(/) as ip-modules are in Modyg^, a G-action on 971 gives 

ker(/) a structure of a weak {ip,G)-module {resp. a {ip,G) -module) and a G-action on DJl' gives a 
structure of a weak {ip,G)-module (resp. a (if, G) -module). 

Proof. It is enough to prove only the case where COT, G Mod^'g . By Proposition l2.18[ ker(/) 
and im(/) as 93-modules are in Mod/g^. Consider the image of /. Let /: 7^(g)^^g97l — > 7?.(g>i^^e9^' 
be a morphism induces from /. Since TZ Cg,^,e ini(/) = f{Tl (E)ip,e 9^) and / is compatible with 
G-action, we can define G-action on TZ (g^^e ini(/) such that TZ (g^^e 971 —J- 7^ (gip,e ini(/) induced 
from / is G-equivalent. Since TZ ®ip^e 97l//+(7^ (gi^.e ^) — ^ TZ ®ip^e ini(/)/-^+('^ ^<fi,& ™(/)) 
surjective, it is a routine work to check that im(/) — {im{f),(p,G) satisfies conditions to being a 
{ip, G)-module. The assertion for the kernel of / follows from the fact that, two exact sequences 

TZ(E)^^ekeT{f) ^ 7?®<^,e97l 4 TZ(E)^^eim{f) ^ and (:^//+)g)<^,eker(/) ^ {TZ/I+)®^^e 

97t — J> {TZ/I+) (^ip.e inr(/) arising from the exact sequence — )> ker(/) ^ 971 ^ ini(/) are 
exact by Corollarv 12.111 and the fact that TZ/ 1+ ~ W{k) is p-torsion free. □ 

Corollary 2.20. Let {) ^ m' ^ M ^ M" ^ be an exact sequence in wMod^'^ . If M € 
Mod/'J"^ , then M' and 97t" are also in Mod^'J'^ . 

Proof. This immediately follows from Corollarv 12. Ill □ 

3 Cartier duality for (ip, G')-modules 

In this subsection, we give the Cartier duality on {ip, G)-modules. Throughout this section, we fix 
an integer r < 00. 

3.1 Cartier duality for Kisin modules 

In this subsection, we recall Liu's results on duality theorems for Kisin modules ( [Lilj . Section 3). 

Example 3.1. Let = 6 • f be the rank-1 free ©-module with (p{f'') = Cq^E{u)^' ■ f" where pco 
is the constant coefficient of E{u). We denote by pi^ this Frobenius p. Then (©^,93^) is a free 
Kisin module of height r and there exists an isomorphism rg(©^) ~ Zp(r) as Zp[Goo]-niodules (see 
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[m], Example 2.3.5). Put 6^ = Q^/Zp = ©oo • f (resp. ©^ = Zp/p"Zp ©'' = ©„■ f 

for any integer n > 0). The Frobenius f on induces Frobenii t/?^ on ©^ and ©^. 

Put £^ ^ £ ®e ©^ = £ -f and equip £^ with a Frobenius arising from that of £ and ©^. 
Similarly, we put = O • f , 0^ = • f , O,^ = 0„ • f and equip them with Frobenii which 
arise from that of f ^. We define O"''^, OJ^'^ Cn''^, and Frobenii (p^ on them by the analogous 
way. 

Let 9Jl be a Kisin module of height r and denote by M = (g)e 2t the corresponding etale 
9?-module. Put 

= Home(a7l, ©oo), = Homo,<^(A/, Oo^) if is killed by some power of p 

and 

mt^ = Home(OT, ©), A/^ = Homo,v(A/, O) if ajt is free. 
We then have natural pairings 

(•, •) : $H X an'' ^ (•, •) : A/ X if 9Jl is killed by some power of p 

and 

(•, •) : X 971'' ^ ©'', (•, •) ; A/ x Af^ ^ if is free. 

The Frobenius on Eft^ (resp. on A/^ ) is defined to be 

{ipm (x) , iflr (y) ) - (^^ ( (x, y) ) for x e 971, y G SH^ . 

(resp. ((pAf(a;), ¥'m(2/)) = </?^((a;, y)) for x £ M, y e Af^.) 

Theorem 3.2 ([LIT]). Lei 971 6e a Kisin module of height r, M = 0®q^ the corresponding etale 
tp-module and (•, •) the paring as above. 

(1) (9K^,<y9j^^) is a Kisin module of height r. Similarly, A/^ is an etale ip-module. 

(2) A natural map O ®e 971^ — t- is an isomorphism and Lp\.; = ipo 'S' "yS^- 

(3) The assignment 971 i— ?► 971^ is an anti-equivalence on the category of torsion Kisin-modules 
[resp. free Kisin-modules) and a natural map 97t — t- (97t^)^ is an isomorphism. 

(4) All parings (•, •) appeared in the above are perfect. 

(5) Taking a dual preserves a short exact sequence of torsion Kisin modules [resp. free Kisin 
modules, resp. torsion etale ip-modules resp. free etale ip-modules). 

Remark 3.3. The assertion (2) of the above theorem says that there exists a natural isomorphism 
O^e 971^ ~ (O^e 971)^ = Af^ which is compatible with (/3-structures. In fact, the paring (•, •) for 
M is equal to the pairing which is obtained by tensoring O to the pairing (•, •) for 971. 



3.2 Construction of dual objects 

Put 

©"" = 7^ ®^,e ©"" = 7^ ®^,e {e-f) = n- f, 

^ Zp/p"Zp =n ®^,e &n = ^ <»v.6 i&n ■ f) = Tin ' f for any integer n > 

and 

©^ - Qp/Zp «)^,e ©^ = ^ ®v,e (©oo • f) = :^oo • f, 



and we equip them with natural Frobenii arising from those of TZ and ©^. By Theorem 12.71 we 
can define a unique G- action on ©^ such that ©^ has a structure as a {if, G')-module of height r 
and there exists an isomorphism 

f(©^)^Zp(r) (3.2.1) 
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as Zp[G]-niodules. This G-action on induces G-actions on 6^ and S^. Then it is not difficult to 
see that has a structure as a torsion [ip, G)-niodule of height r and there exists an isomorphism 

f(6^) ~Zp/p"Zp(r) (3.2.2) 

as Zp[G]-modules. We may say that ©^ (resp. ©^ ) is a dual {ip, G)-module of © (resp. ©„ ) since 
([3311) and ([3X21) hold. 

Remark 3.4. If Kp<x, n i^oo = K (which is automatically hold in the case p > 2), then G- 
actions on ©^,©^ and ©^ can be written explicitly as follows (see Example 3.2.3 of [Li3] ): If 
Kp-x> nKoo = K, we have G — Gpo^ xi Hk (see Lemma 5.1.2 in |Li2j ). Fixing a topological generator 
T e Gpoo, we define G-actions on the above three modules by the relation r(f'") — ■ f^. Here 

c - = n,T=i '/'"(tSS)) )' ^ = n:r=o ^- C^^^"'/^"^^ )- Example 3.2.3 oj m says that c G 
and c G 7?.^. It follows from straightforward calculations that ©^ and ©^ are (1^9, G)-modules of 
height r. 

Lemma 3.5. Let A be a 6-algebra with characteristic coprime to p. Let dJl G Modyg^ {resp. 
9Jt G Mod^g). Then there exists a natural isomorphism: 

A ®ip,e SO^^ — ^ IIom^(A ®i^.e ^00) if is killed by some power of p, 
{resp. A(g)^^e lloraA{A(E)^^e M,A) if M is free). 

Proof. If 971 is free, the statement is clear. If pDJl = 0, then we may regard 9Jl as a finite free 
©i-module and thus the statement is clear. Suppose that 9Jl is a (general) torsion Kisin module 
of height r. By Proposition 12.91 of |Lil| . there exists an extension of 1^- modules 

= OTo c 97I1 c ■ • ■ c OT„ = an 

such that, for aU 1 < i < n, m.,/m^-i G Mod/g^ and m^/Mi-i is a finite free 6/pG = kluj- 
module. Furthermore, we have DJli G Mod/g^ by Lemma 2.3.1 in [Lilj . We show that the natural 
map 

A (X)^,g m)' — > RomA{A (g)<^,g m^,Aoo), a®/H>(a®x^ af{x)) 

where a G A, / G 9Jt^ and x G 9Jti, is an isomorphism by induction for i. For i = 0, it is obvious. 
Suppose that the above map is an isomorphism for i — 1. We have an exact sequence of ©-modules 

^ m^-l -^m^^ m^/m,^i o. (3.2.3) 

By Corollary 3.1.5 of ILilj, we know that the sequence 

-> {mi/mi-i)'' ^ an^_i ^ o. 

is also an exact sequence of ©-modules. Therefore, we have the following exact sequence of A- 
modules: 

A «)^,© {mjm^-iy ^ a ®^^g m)^ a o^^g mti o. (3.2.4) 

On the other hand, the exact sequence p.2.3p induces an exact sequence of A-modulcs 

^ HomA(A(8)^.e M^/m^-l,A^) ^ RomA{A (g)y,g m„A^) HomA(A ®y,g m,-i,Aoo). 

(3.2.5) 

Combining sequences (|3.2.4I) and (13.2.51) . we obtain the following commutative diagram of A- 
modules: 

A ®<^,e {m^/m,-ly ^ A ®^,6 ^ A (g>^,e M^i ^ 

I i I 

O^Hom^(^ (g)^,g Aoo) ^Hom^(yl®^,e OT,, Aoo) ^ Hom^(y4 «)^,g Mi-uAoo) 
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where the two rows are exact. Furthermore, first and third columns are isomorphisms by the 
induction hypothesis. By the snake lemma, we obtain that the second column is an isomorphism, 
too. □ 

Let = {D)l,(pm,G) be a torsion (resp. free) weak ((^, G)-module of height r and (93t^,<p^) 
the dual Kisin module of {DJl, (pw)- By Lemma 13.51 we have isomorphisms 

a 0^,e ^ Hom.^(:^ (8)^,e OT, if 971 is killed by some power of p, (3.2.6) 

n «)<^,e Hom^(-^ ®^,e 2n, if 2n is free. (3.2.7) 

We define a G-action on Hom^(7?. ®(^,e 9^, ©^) (resp. Hom.^(7?. (X)<^,e 9Jt, 6^)) by 

for a e G,x eiz (g)^,e M and / e Hom^(7^ (8)^,6 9^, 6^) (resp. / e Hom^(:^ 0^,6 931, 6"^)) and 
equip a G-action on TZ ®ip,e 9Jt^ via an isomorphism (13.2.61) (resp. (13.2.71) ). 

Theorem 3.6. Let 971 = {dJl,ip<xn,G) be a torsion (resp. free) weak {ip,G)- module of height r and 
equip a G-action on Ti,®^^e 971^ as the above. Then the triple 97t^ — (97t^,(p^,G) is a torsion 
(resp. free) weak {ip, G)-module of height r. If is a (ip, G)-module of height r, then 971^ is also. 

Definition 3.7. Let 97t be a weak ((p, G)-module (resp. a (iy9, G)-module). We call 97t^ as Theorem 
13.61 the Cartier dual of 971. 

To prove Theorem 13.61 we need the following easy property for TZoo = T^[^/p]/Ti- 

Lemma 3.8. (1) For any integer n, we have 

n[i/p] r\p"w{FTR) ^Tzn p^w{R) = p^'iz. 

(2) The following properties for an a Cz TZ[l/p] are equivalent: 

(i) If X TZ[l/p\ satisfies that ax — in TZoo, then x — in TZoo- 

(ii) a^pTZ. 

(iii) a^pW{R). 

(iv) a ^pWiFiR). 

Proof. (1) The result follows from the relations 

TZ[l/p] np"W^(Fri?) = TZ[l/p] H {W{R)[l/p] np"M^(Fri?)) = TZ[l/p] np"VK(i?) 

and 

p'"TZ c TZ[i/p] np^'wiR) c tZko n p''w{r) = p'^tZko n w{r)) ^ p"TZ. 

(2) The equivalence of (ii), (iii) and (iv) follows from the assertion (1). Suppose the condition (iv) 
holds. Take any x G TZ[l/p] such that ax G TZ. Then we have 

-nriTZ[l/p] C -W{FrR) n W{FrR)[l/p] C W{Fi-R) 
a a 

since a ^ pW{FrR). Thus we obtain 

xe-TZn TZll/p] = -nn TZ[l/p] n l^(Fri?) C TZ[l/p] n W(FrR) = TZ, 
a a 

which implies the assertion (i) (the last equality follows from (1)). Suppose the condition (ii) does 
not hold, that is, a G pTZ. Then TZ[1 /p] fl ^TZ D ^TZ 3 TZ and this implies that (i) does not hold. □ 
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Proof of Theorem \3.6[ We only prove the case where 9Jl is a torsion {(p, G)-inodule (the free case 
can be checked by almost all the same method). 

We check the properties (1) to (5) of Definition 12.61 for OT^. It is clear that (1) and (2) hold 
for Ti^. Take any f eTl'^. Regard OT^ as a submodule of :^(g)^,e ■ Then, in 7^(8)^^6 , we 
see that / is equal to the map 

f:n®^^e^^n-f 

given by a (g) x a(p{f{x)) • f for a G 7?. and x G 971. Since 971 C (7?. ®ip,e 97t)^*-' , we have 

(a./)(a ^x)^ a(/(a-i(a «. x))) = a(/(a-i(a)(l ® x))) - (a)/(l a;))) 

= aa(/(l ® a;)) = aa(^(/(x)) • f ) - a^{f{x)) ■ f = f{a ® x). 

for any a G X e 97t and o- G Hk- This implies 971"^ C (7^ (X)^,e 971"^)^^ and hence (4) holds for 
97t^. Check the property (5), that is, the condition that G acts trivially on 97t//+97t. By Lemma 
13.51 we know that there exists the following natural isomorphism: 

n (8)^,e 97l''//+(^ ®<p,e 971"^) ^ Hom^(7^ ®^,e 97l//+(:^ (g>^,e 97t), 6^//+©^), 

which is in fact G-equivalent by the definition of G-action on TZ ®ip.e 971^. Since G acts on 
iZ (8),^,e 97l//+('72. (8>v3,6 97t) and 6^//+©^ trivially, we obtain the desired result. 

Finally we prove the property (3) for 9Tt^. First we note that, if we take any / G 971^ = 
Home (971, ©oo) and regard / as a map which has values in 6^, then we have 

ip^{f)oip^x = ip^ of:m~^6l,. (3-2.8) 

Recall that there exists a natural isomorphism 

n ®^,e 971"^ - Hom^(7? ®^^e 971, 6^) 

by Lemma 13.51 We equip Hom^(7?. (E>Lp^e 971,6^) with a (^-structure ip^ via this isomorphism. 
Then it is enough to show that aip'^ — Lp^ a on Hom.^(7?, ^i^^s 971, S^) for any cr G G. Take any 
/ G Hom(7?, ®^p.<s 971, ©^) and consider the following diagram: 

^0,^,6 971-^:^(8)^,6 971 (3.2.9) 



&L -^6 



By p.2.8p . we obtain that the diagram (13.2.91) is also commutative. To check the relation cr(iy9^ (/)) = 
(/?^(cr(/)), it suffices to show that cr((p^(/))(iy9(^(a;)) = 93^(cr(/))((y5gjj(a;)) for any x G 97t 
since 97t is of finite £^(u)-height and, for any a G T^oo, ip{E(u))a = if and only if a = by Lemma 
By (IMH), we have 



- ^(^^(/)(^-^(^5i,(x)))) = a(^^(/)(^^(a-l(.T)))) = a(^^(/V(^))))- 

By replacing / with a{f) in the diagram p.2.9p . we have 

'P^iaifrnmi^)) = ^^('^(/))(^) - 'P^Hfia-'ix)) = aiip^fia-^x)))) 
and this finishes the proof. □ 
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3.3 Cartier duality theorem 

Let 2Jl be a weak {(p, G')-niodule of height r. We have natural pairings 

(•, •) : (7^ ®^,6 »l) X {n ®^,e Sn'') ^ iiWl is kihed by some power of p (3.3.1) 

and 

(•,•): (:^(g)y,e X (:^(K)^,e an'') -> 6"^ if 971 is free. (3.3.2) 

It is not difficult to see that these parings commute with Frobenii and G-actions. 
Here we describe the Cartier duality theorem for (ip, G)-modules. 

Theorem 3.9 (Cartier duality theorem). Let 371 be a weak {ip,G)-module (resp. a {ip,G) -module) 
of height r. 

(1) The assignment dJl i— >■ 371^ is an anti-equivalence on the category of torsion weak {Lp,G) -modules 
[resp. free weak {p^G) -modules, resp. torsion {ip,G) -modules, resp. free weak {ip,G) -modules) and 
a natural map 97t — ?> (971^)^ is an isomorphism. 

(2) Parings l\3.3.1^ and (jj'.g.gp are perfect. 

(3) Taking a dual preserves a short exact sequence of torsion weak {ip,G)- modules {resp. free weak 
{if, G) -modules, resp. torsion {ip,G) -modules, resp. free weak {ip,G) -modules). 

Proof. By Theorem 13.21 f3). we have already known that a natural map 97t — ?> (97t^)^ is an isomor- 
phism as (/3-modules. Furthermore, straightforward calculations show that the map 971 — (971^)^ 
is compatible with Galois action after tensoring TZ. Thus we obtain that — > (?0T^)^ is an iso- 
morphism, and the assertion (1) follows immediately. The assertion (3) follows from Theorem l3.2l 
(5). Consequently, we have to show the assertion (2). We leave the proof to the next section. □ 

3.4 Compatibility with Galois actions 

The goal of this subsection is to prove the following which is equivalent to Theorem 13.91 (2) : 

Proposition 3.10. Let ^Xfl be a weak {(p, G) -module. Then we have 

f{m"') ~ f''{^k){r) (3.4.1) 

as 7ip[G]-modules where T^(97T) is the dual representation ofT{dJl) and the symbol "(r) " is for the 
r-th Tate twist. 

First we construct a covariant functor for the category of weak {ip, G)-modules. Recall that, 
if 2il = (971, G) is a weak ((/?, G)-module, we often abuse of notations by denoting 971 the 
underlying module TZ Oi^.e 971. 

Proposition 3.11. Let dJl be a weak {ip,G) -module. Then the natural W{YiR)-linear map 

W{YiR) (W^(Fri?) (g)^ m)'P=^ -J> W{YiR) (g)^ <H, a®x^ ax, (3.4.2) 

for any a G W{¥tR) and x G {WiYrR) 971)'^^^, is an isomorphism, which is compatible with 
ip-structures and G-actions. 

Proof. A non-trivial assertion of this proposition is only the bijectivity of the map (13.4.21) . First 
we note the following natural (/3-equi variant isomorphisms: 

W{FtR) 0^ sot ~ W{FtR) ®^,e 971 

2± W{FtR) ®o {O (E>^,e M) 

W{¥vR) ®o M 
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where M = O (Eie 9^ is the etale (/^-module corresponding to 57t. Here the bijectivity of 1 (8) ip%j, 
where (p*J^^ is the O-hnearization of (pM, follows from the etaleness of M. Combining the above 
isomorphisms and the relation (j2.2.ip . we obtain the following natural i^-equivalent bijective maps 

WiFiR) (^^m-^ W{FtR) ®o M ^ W{YiR) (O^ ®o MY=^ (3.4.3) 
and hence we obtain 

{w{YyR) (g)^ my=^ ~ (o^ ®o My=\ (3.4.4) 

By p.4.3p and p.4.4p . we obtain an isomorphism 

w^(Fri?) {w{FtR) ®^ ^ky='^ ^ w{FtR) ®^ mi 

and the desired result follows from the fact that this isomorphism coincides with the natural map 
(|5Xa . □ 

For any weak (93, G')-module 9H, we set 

r,(OT) = {w{¥rR) ®^ mY=^. 

Since the Frobenius action on WiYiR) ®^ tOl commutes with G-action, we see that G acts on 
r*(97l) stable. We have shown in the proof of Proposition 13. 11 1 (see p. 4. 4^ *1 that 

as Zp[Goo]-modules for M — O ®e 9^ (the functor T* is defined in Section 2.2). In particular, if 
is free and d = ranke(9n), T*(9K) is free of rank d as a Zp-module. The association 9Jl ^ T, (9K) 
is a covariant functor from the category of (iy9, G)-modules of height r to the category Rep2^(G) of 
finite Zp[G]-modules. By the exactness of the functor T*, the functor T, is an exact functor. 

Corollary 3.12. The "Lp-representation T,(9Jl) of G is the dual o/r(9H), that is, 

f''(wt) ~r,(OT) 

as Z,p[G]-modules where r^(3Jl) is the dual representation o/r(91t). 

Proof. Suppose 971 is killed by some power of p. By Proposition l3 . 1 1 l and the relation M^(Fri?)^^ = 
Qp/Zp, we have 

Homz,(f4im),Qp/Zp) ~ RomwiFrR)AW{FTR) (W^(Fri?) ®^ OT)'^=\ W^(Fri?)oo) 
~ RomwiFrK)AW{FrR) ®^ M, W{FtR)oo) 
~ Rom^ J^m, VK(Fri?)oo) = f{m). 

The last equality follows from the proof of Lemma 3.1.1 of |Li3| . but we include a proof here 
for the sake of completeness. Take any h e Homj^ ^{VJI,W(FtR)oo)- It is enough to prove that 
h has in fact values in W{R)oo- Put g — Since g is a ip{@)-\meaT morphism from 971 to 

W{R)oo — 'p{W{R)oo), there exists a S-linear morphism g: 971 — W{FiR)oo such that (p(g) = g. 
Furthermore, we see that g is (^-equivariant. Note that 0(971) C W(FrR)oo is a 6-finite type 
(^-stable submodule and of £^(u)-height r. By |Fo) . Proposition B.1.8.3, we have 0(97t) C 6J^. 
Since 

h{a (g) a;) = 01^9(0(2;)) 

for any a ^ TZ and x e 971, we obtain that h has values in W{R)oo- 

The case 971 is free, we obtain the desired result by the same proof as above if we replace 
W(FiR)oo (resp. Qp/Zp) with W{FtR) (resp. Zp). □ 
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In the rest of this subsection, we prove Proposition 13.101 We only prove the case where 971 is 
killed by p" for some integer n > 1 (we can prove the free case by an analogous way and the free 
case is easier than the torsion case). 

First we consider natural pairings 



and 



{■,■): M X 



(3.4.5) 



(3.4.6) 



which are perfect and compatible with (yS-structures. Here M = O ®e SOt is the etale (^a-module 
corresponding to 9JI. We can extend the pairing (13.4.61) to the iy9-equivalent perfect pairing 

(©"'■ ®o M) X (O"-^ ®o M"") ^ O,"/'^. 

Since the above pairing is (^-equivariant and (CJJ'''^)'''^^ ~ 'Lp/p''^'Lp(—r), we have a pairing 

(©"■^ ®o My=^ X (0"^ ®o M^)'^=i Zp/p"Zp(-r) (3.4.7) 



compatible with Goo-actions. Liu showed in the proof of Lemma 3.1.2 in |Lil| that this pairing is 
perfect. By a similar way, we have the following paring 

{W{FiR) ®o M)'^=i X {W{FiR) M^'Y^^ Zp/p"Zp(-r). (3.4.8) 

On the other hand, the pairing (13.4.51) induces a pairing 

{n®^^em)x{n®^^em'') (3.4.9) 

We can extend the pairing p.4.9p to the iy9-equivalent perfect pairing 

{W{¥iR) (g)^ (7^ «)^,e "XSl)) x (W^(Fri?) ®^ (7^ ®^^e "XSt")) W{¥tR) ®^ 6^. 

Since the above pairing is (yS-equivariant and (M^(Fri?) 0^ (S^)"^^^ ~ Zp/p'''^Zp{~r), we have a 
pairing 

(M^(Fri?) (K>^ {TZ (gi^^e 9Jt))'^=^ x {W(FtR) ®^ (7^ ®^^e W))'^=^ ^ Zp/p"Zp(-r) (3.4.10) 

compatible with G-actions. Since we have the natural isomorphism O™ (E>Zp {O^" (E>o M^^^ 
(E)o M , we obtain the (/3-equivariant isomorphisms 

W{FtR) (S^m^ W{FtR) ®o M ^ W{FtR) (O^'' (8)o MY=\ (3.4.11) 

Therefore, combining p. 4. 71) . p.4.8p . (13.4. lOp and p.4.1ip . we have the following diagram 



(w^(Fri?) mY=^ X {w{ftr) ®^ myy=^ 

(W{FtR) ®o MY=^ X {W{FtR) ®o M^)'^=i 



(O" 0o Af^)'^=i 



■Zp/p"Zp(-r) 
■Zp/p"Zp(-r) 
■Zp/p"Zp(-r) 



It is a straightforward calculation to check that the above diagram is commutative. Since the 
bottom pairing is perfect, we see that the top pairing is also perfect. This implies r*(9Jt^) ~ 
T'*(97l)(— r) and therefore, we have the desired result by Corollarv l3.12l 
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4 Category of representations arising from torsion {^p, G)- 
modules 

4.1 Relations between G')-modules and their representations 

Select ate such that t ^ p&™ and ip{{) — CQ^E{u)t where pco — E{0). Such t is unique up 
to units of Zp, see Example 2.3.5 in |Lil) for details. 

Let DJl be in Mod/g^. We construct a map ie for DJl which connects 971 to Te{^) (cf. [Lil| . 
Section 3.2). First observe that there exists a natural isomorphism of Zp[Goo]-modules 

Te(»t) =Home,v(an,6^) ~Homeu.,^(6" ®6 971,6^^) 

where Goo acts on Home-,>p(6" ®e ©") by i(7.f){x) = a{f{a-^{x))) for a £ Goo,/ e 
Homeu^i^l©" ®e WJ, 6"),a; £ ®e ^ and Goo acts on DJl trivial. Thus we can define a 
morphism ^ : 6" ®e 9^ HomZp(Te(aJl), 6^) by 

x^if^fix)), xe6^'' ^e'mj eTeim). 

Since re(9Jt) — ©ig/Zp/p"'Zp as finite Zp-modules, we have a natural isomorphism Homz (rg(9Jt), SJ^) 

T^(9Jt) where T^(9K) = HomZp(re(aH), Qp/Zp) is the dual representation of Te(9Jl). 
Composing this isomorphism with tg , we obtain a map 

For 971 e Mod/e, we also construct te : «)e 97t -> e"'' (8)Zp T^i^) by the same way except 
only replacing ©J^ with ©"''. 

Lemma 4.1. Lei A be a ring with &™ C A C W{FrR) which yields a ring extension Ai C Fri?. 
Let 971 be in Mod/@^ or Mod/@. Let lq be as above. 

(1) tg is Goo -equivalent o,nd ip-equivalent. Furthermore, A (X>gur t@ is injective. 

(2) IJr <oQ, thenV{A(i)z^T'^{m)) C (A®e" '.s)(^®e 97t). Ifr^oo, then e' {A^z^T^{m)) C 
(A ie)(^ 971) /or r' > smc/i f/ia^ 97t is of height r' . 

(3) T/ie map 

W{YiR) : W{¥iR) (g)© 971 ^ l¥(Fri?) T^(9H) 

is bijective. 

Proof. We may suppose that r < oo. The assertion that i© is Goo -equivalent and (/^-equivalent 
is a result of Theorem 3.2.2 in jLil) . Liu showed in loc. cit, that there exists a map tg : ©"'' (8)^ 
r^(97t) ©" 06 971 such that t^ots = T, in particular, (A®©" t^) o (^®e" tg) = V. Moreover, 
in the proof of loc. cit, Liu also showed that the composite {O^" Oe™ '•s) ° (O^"^ CS)©"'^ t©) : C""^ €5©" 
(©" T^(97t)) ^ O"'- »©„. (©"^ r^(a'l)) is equal to the map O^"- «)©„. (f (g)^^ Id). Hence 
we obtain t© o tg = f and then the assertion (2) follows. We show the injectivity of A (ggur ;,©. 
Since {A (g)©ur tg) o (A (g)©ur t©) = f", if 97T is free over ©, we see that A ^e^^ t© is injective. 
Next we suppose that 97t is killed by p. In this case, the proof is almost the same as the free case, 
except one need to note that 97t is free as a A;|M]-module, t 7^ in Ai (since ©"'' C Ai; see Remark 
I2.14P and Ai is a domain (since Ai C Fri?). Suppose that 971 is killed by some power of p. By 
Proposition [521(4) and Remark l2.10l there exists an extension 

= 97lo C 97li c ■ • • C 97tfc = 971 

in Mod/g^ such that 97ti, 97ti+i/97li e Mod/g^ and 97li+i/97ti is a finite free fc|u]-module. We 
have a commutative diagram 

^ A ®g 97t,,_i ^ A (g)g 971, ^ A ®g 97T,/971i_i 

/l(gie""-6,i-i A^e^iiLe.i ^'?5e"'-e,i,i-i 

^ A r^^(97l.-i) ^ A T^^(97l,) ^ A T^(97l,/97l,_i) ^ 
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where te,i-i,i'e,i and te,i,i-i are maps te for and dJli/Tli^i, respectively. By corollary 

12.111 and the exactness of Tg, two horizontal sequences are exact. By induction on i, we see that 
A ®e" '-e (for ^) is injective. 

Finally, if we put A — W^(Fri?), we see the bijectivity of W(FtR) iS>e^' >-& from (1), (2) and 
teW^(Fri?)^. □ 

Let be in wMod^'g . We construct a map l for S5t which connects DJt to T{DJl) (cf. |Li2| . 
Section 3.1). First, we recall that we abuse of notations by denoting DJl the underlying module 
TZ iJ5(^,s 9^- Observe that there exists a natural isomorphism of Zp[G]-modules 

f{m) = Rom^ jm, W{RU) ~ KomwiR),^{W{R) ®^ iy(i?)oo) 

where G acts on Romw(R),^{W{R) ®^ OT,VF(i?)oo) by {(J.f){x) = a{f{a-^{x))) for cr G G, / G 
YioTa.w(R),v{W{R)®jiM,W{R)oa)-,x G Thus we can define a morphism t' : W{R)®ji 

m ^ Homz,(T(im), VF(i?)oo) by 

a; 1^ (/ ^ /(a;)), x^W(R)®^m,f ef{m). 

Since T(OK) ~ (Bn^i'^p/p^^ljp as finite Zp-modules, we have a natural isomorphism Hom^^ (T($XIT), W{R)c 
W{R)®z^f'^{m). Recah that f ^(<H) = HomZp(T(OT), Qp/Zp) is the dual representation of f(OT). 
Composing this isomorphism with t', we obtain a map 

t: W{R) ®^m^ W{R) f ^(«H). 

For G wMod^g , we also construct i: W{R) ^ W{R) T^(OT) by the same way except 

only replacing W{R)oo with W(R). 



Lemma 4.2. Let A he a ring with 6™ C A C VF(Fr_R) which yields a ring extension Ai C Fri?. 

i/e^ or wMod/g 



Suppose that A is (p^^^p^jiystable. Let *H be in ^Mod^'j^ or ^Mod^g . Let t be as above. 



(1) t ~ W(R) (8)i^,e" i-e, that is, the following diagram commutes: 

W{R) ®^,e 971 ^ ^ W{R) f ^(Wl) 

WiR) ®^^e" (©" ®6 m — ^ W{R) «.^,e- (©" T^'XH). 

Here, a: W{R) gur 6"'' W{R) is the isomorphism given by ai ® hi) — aiip{bi) with 

a, G W{R),h e 

(2) t is G-equivalent and ip- equivalent. Furthermore, A ®w(R) ^ injective. 

(3) // r < oo, then ^{iY{A f ^(OT)) C {A ®w(r) ®ji ^Dt). If r = oo, then ifitf {A ®z^ 
f ^(Wl)) C (A ®wiR) ^) for r' > such that M is of E{u) -height r' . 

(4) The map 

W{¥vR) ®w(R) t: W{¥iR) ®^m^ W{¥vR) ®z^ f ^(SDT) 

is hijective. 

Proof. The statement (1) follows from the proof as same as that of Proposition 3.1.3 (2) of |Li2| . 
To see that A ®w{r.) is injective, by (1), it is enough to check that A ®i^,e"' te : A ®^^e SOT — >■ 
A®z Tg(9Jl) is injective. This can be checked by almost the same method as the proof of Lemma 
14.11 fl). The rest statements follow from (1) and Lemma [4. II □ 

Let m be in wMod/|'^ or wMod/'g. Then Te{M) has a natural G-action via 9: TeiM) 4 
f{m) (see Theorem 1221). 
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Corollary 4.3. Let 971 and 97t' he in wMod 



r,G 
/6o, 



(resp. 



Mo<f£). Letf: 97t' 



StJt &e a morphism 



in Mod/@ 



r.G 



IfTe{f) is G-equivalent, then f is in fact a morphism in wMod^g 
Proof. Consider the commutative diagram 



[resp. 



.Mod;^^). 



W{R) TV(Wl') 



WiR) f ^(OT) 



w{R) ®^ (7^ ®^,6 at') — ^ w{R) ®^ (7^ (g)^,© a^i) 

where the top and bottom arrows are morphisms induced from /. By our assumption of / and the 
result that 1 is injective, we see that the bottom arrow commutes with G-action and then we have 
done. □ 



4.2 Proof of Theorem [TT] 

Lemma 4.4. Let ^ T' ^ T ^ T" be an exact sequence in Iiep^^J.{Gc 

and ip an isomorphism Te(9JT) — > T of Zp-representations of Goo- Then there exists an exact 

in Modyg^ which makes the following commutative diagram: 



Let m G Mod/e„ 



sequence ^ M" M M' 



0- 



■ r 



■T- 







■Te{m") 



■Teim)- 

Proof. Put M — O ®Q StJl and 5' an isomorphism defined by the composite T{M) ~ Tq T. By 

M A M' ^0 in ^M/o^ which makes 



Proposition 12 .11 there exists an exact sequence 
the following commutative diagram: 



A/" 



0^ 



■T'. 



T- 



rpll 



0- 



T{M') 



■ TiM") 



■0. 



■T{M) 

By abuse of notation we denote by g the composite M ^ M ^ M' . Put 9Jl" = 971 n M" and 
971' — (7(97t). Since 971 G Mod/@^ and M' is p'-torsion free, it follows from Proposition 12.181 that 



9R' and 971" are in Mod 



/6o 



The inclusion map 971 ^ A/ induces an injection 971" ^ M" and 



thus we have the following commutative diagram 
^ M" ^ M ■ 



M' ■ 



^ O ®e 97T" ^ O «)6 971 ^ O ®e M' ^ 

where two horizontal sequences of etale (^-modules are exact. By a diagram chasing, we see that 
the map O (^e 971' M' is surjective. Since 971' C M' is (/3-stable and finite as a S-module, we 
know that the map O CS)© 971' —> M' is injective (cf. |Fo] . B. 1.4.2) and thus, it is bijective. By the 
snake lemma, we know that the left vertical arrow of the above diagram is also bijective. Taking 
the functor T to the above diagram, Proposition 12.41 gives the desired result. □ 
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Theorem 4.5. Let ^ T' ^ T ^ T" be an exact sequence of finite torsion Zip-representations 
of G. Suppose that there exist a torsion {ip, G)-module 9Jt of height r and an isomorphism Tp : T{dJV) — 
T of Zp-representations of G. Then there exists an exact sequence — >■ — >■ 9Jt — >■ dJV — > m 



Mod^'^ which makes the following commutative diagram: 

T' ^ T > 



0- 



0- 



■ f{m") 



0. 



■0 ( 

^ f{m) - 

Proof. By a short argument shows that we may suppose T — r(9Jt) and '0 is the identity map for 
T. Take 

defined by 

6l(/)(a®m) =a(/p(/(m)) for / £ Te(SDt), aen,meDn, 

as appeared in Section 2.4, which is Goo-equivalent. By Lemma 14.41 we have an exact sequence 
-4- sot" ^ 971 — > DJl' ^ in Mod/@^ which makes the following commutative diagram: 

^ T' ^ T ^ T" ^ 



0- 



■Te{m") 



0. 



We want to equip 9Jt' and 9Jl" with structures of {if, G)-modules. Combining the diagram with 
Lemma 14.21 we obtain the following diagram whose all squares commute: 



w(H) »^,_e"f (s" ®e ™")'^ 



(8^,gur (e"' g)Zp (OT"))- 



Here, a : W{R) €5,^,6" S^'' — is the isomorphism given by a{J2i ® = J2i '^ifi^i) with 
a, G e e""'. Define a map W^(i?) «)^,s 9^" W^(-R) ®Zp (T''^ such that aU squares 

in the above diagram commute. Tensoring Vl^(Fri?) to the ceiling, we obtain a diagram whose all 
maps are injective (cf. Corollary 12.111 and 12 . 1 2p : 



W{Fi-R) ®^ m'^ 



V,6 



WiFrR) {T" 



Moreover, the map l = W{FrR) <E)w{R) ^ is bijective by Lemma [4.21 (4), and the map l" is also 
bijective by Lemma liH (3). Define a G-action on W{¥vR) ®ji (TZ ®^,6 9^") via t". Then the 
injection W{FtR) (g)^ (TZ'Si^^e 971") ^ W^(Fri?) 0^ is automatically G-equivalent. On the other 
hand, see the diagram 
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■6< 



971" 



-6' 



971' 



-0 



0- 



- 7^ ®^,e 971" 



0^^,6 971 ■ 



- 7^ (8)^,e 971' 



-0 



0- 



W(FrR) 



97t" 



>>ip,(S 



W(FtR) 



Pip, 6 



97t' 



■0. 



By Corollary 12.111 and 12.121 we see that all horizontal sequences are exact and all vertical arrows 
are injective. Hence we may regard TZ ®ip^e 97t, TZ (g),p,e 971" and W^(Fri?) 01^,6 971" as submodules 
of W{FtR) (g)^^e 971 = W{FtR) (g)^ M. In particular, we have 



97t" (7^ ®^^e 971) n (VK(Fri?) 



971") 



(4.2.1) 



Since G-actions on TZCSi^^eDJl and VF(Fr_R) 0^^6971" are restrictions of the G-action on VF(Fri?)(g)y^g 
97t = W^(Fri?)®^$m, the equation (HXTI) gives a well-defined G-action on 7^®^,e971". Since the G- 
action on TZ^^^edJl factors through G, the G-action on TZ^^p^e^" sdso factors through G. We also 
define G-action on TZ^^^e^' via a natural isomorphism 7?.(8)(^,e97l" ~ (7^(X)^^e97t")/(7?.®ip,e97l"). 
It is not difHcult to check that triples M' = {m',ip,G) and M" = (971", 93, G) are weak {ip,G)- 
modules. Obviously, we have the exact sequences 



^ im" ^ 971 ^ 971' 







(4.2.2) 



of weak {ip, G)-modules. By Corollarv l2.20l we know that 971' and 971" are in fact {ip, G)-modules. 
Now we check that the exact sequence (j4.2.2p satisfies the desired property. Projections 971 — !> 971' 
and -> OT' induce injections Te(97l') ^ Te(97l) of Zp [Goo] -modules and f (971') ^ f (971) of 
Z)3[G]-modules. Furthermore, the diagram below is commutative: 



r(97t) 

This induces the commutative diagram 



■Te(97t') 



■ r 



■re(9n) 



T. 



■T 



■ Tim) = T 



T(9Jt' 

and thus we see that the left vertical arrow in just the above square is G-equivalent. The desired 
result follows from this. □ 

Remark 4.6. By using the theory of etale {ip, G)-modules, we will know a canonical understanding 
for the sequence 971" — !> 97t — ?> 97t' appeared in Theorem 14.51 see Remark 15.111 

By Theorem 14.51 the essential image of the functor T: Mody'^ — RepjQj.(G) is stable under 

talking a subquotient. In particular, we see that the category Rep^^(G) is also stable under taking 
a subquotient. Clearly, the category Rep^r(G) is also stable under taking a direct sum. We show 
that Rep^j.(G) is stable under taking a dual and a tensor product. 



Lemma 4.7. The full subcategory Rep^j.(G) o/RepjQj.(G) is stable under taking a dual. 
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Proof. Let T G Rep£,(G) and take some M G Mod/'g^ (for some r < oo) such that T = f{m). 
Take an integer n > such that 9Jl is killed by p". For any integer fc > 0, denote by 6„(fc) the 
Cartier dual of the trivial G')-module ©„ in Modyg^ and by 6„(fc) its underlying i^-module. 

Then it can be seen immediately that 9JI CS)s &n{k) has a structure of a ((^, G')-module of height 
r + k, and if we denote it by 3Jl(fc), then T(OJt(fc)) = T(97l)(fc). Take an integer m > r which is 
divided by p — 1 . Then 

= f (Wl^) f (©„(to - r)) - f (Wl^(m - r)) 

and we have done. □ 

Finally we consider the assertion related with a tensor product of Theorem ll.il It is enough to 
prove the following lemma. 

Lemma 4.8. LetM G wMod^'g^ {resp. ^ G Mod/'g^) andM' G wMod/'g'^ {resp. M G Mod/'g'^) 
for some r, r' G {0, 1, • . • , oo}. Then ^^f^^ is an object o/Mod^g"^ and has a structure of a weak 

(if, G) -modules {resp. a {ip,G) -modules). If we pufSfi^yR' = , then there exists a canonical 

isomorphism f{m (g) ~ f{m') of Zp[G] -modules. 

Proof Since ^^"^f ^' is u-torsion free, we see ^"^f ^' G Mod'^^'"' by Proposition [121 We equip a 
G-action (resp. a G-action) on 7?. 0^,6 (^^^^e (resp. iy(Fri?) (g)|^,6 (SJi'X'e 971')) via a canonical 
isomorphism :^(g)^,s(9«(»6S[t') - {'R<E)^,e^)<»eiTi<»v,e{^'))- (resp. H/(Fri?)(g)^,e(9H«'e2Jt') - 
(W^(Fri?) (g)^ (■^®^,e 51^)) ®e {W{FtR) 0^ {n®^,e OT')))- K we denote by (w-tor) by the u-torsion 
part of 06 then we obtain an exact sequence 

n ® (w-tor) -> 7? (g^ e (9^ <»6 9^') A 7? ®^ e ( ^®® ^ ) ^ 

u-tor 

as 7?.-modules. Note that -u is a unit of T4^(Fri?). Since a natural map TZ ®tp.e ^u-tm^ ~^ 
iy(Fri?) (g^,6 ^u-toT' = W^(Fri?) ®^,e (971 ®e 971') is injective (cf. Corollary HH]) , we see that 
the equality ker(?7) = ker(:^ (g)^,e {M ®e 971') iy(Fri?) (8)^,e (971 (g)s 971')) and thus ker(r/) 
is stable under the G-action on TZ (Si^^e (97t 97t'). Therefore, we can equip a G-action on 
^ ^v,e ^ffof via a canonical isomorphism TZ ®^,6 ^ffj'' ^ (7^ «)<^,e (97t «)e 97T'))/ker(77). 
Then it is not difficult to see that ^^^^ has a structure of a {(p, G)-module. Finally we prove 
f{m <Si M') ~ f{m) f{m'). By Proposition IXrn we obtain .^-equivalent and G-compatible 
isomorphisms 

M^(Fri?) (gzp {f,{m) (E> f,{m')) ~ W^(Fri?) (g)^ {M (E>^ M') 

~ VF(Fri?) g)^ {TZ ®^,e (971 ®e 97T')) 

^ W^(Fri?) ®^ (7^ ®^,e ( f ))■ 

u-tor 

Seeing > = l"-part of the above modules, we have that t^{m) f,(OT') ~ f,(OT Wt). Taking 
the dual of both sides, we obtain the desired result. □ 

5 Maximal objects and minimal objects 

Caruso and Liu defined maximal objects for Kisin modules and Breuil modules in |CL1] and they 
proved that the category of maximal objects can be regarded as a full subcategory of RepjQ^(Goo). 
In this section, we discuss maximal objects for ((/?, G)-modules and prove that the category of them 
can be regarded as a full subcategory of RepjQj.(G). 
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5.1 Maximal objects and minimal objects for Kisin modules 

In this subsection, we recall the theory of maximal (minimal) objects given in (CLlj . For M G 
#M/c)^, we denote by Fg(M) the (partially) ordered set (by inclusion) of 2Jl G Mod/g^ contained 
in M such that = M. Then Fq{M) has a greatest element and a smallest element (cf. 

[cm] . Corollary 3.2.6). 

Definition 5.1. Let M e Mod/g^. We denote by Max^iM) the greatest element oi F^{m[l/u]). 
It is endowed with a homomorphism l^^^^: SOt Max'^(9Jt) in Modyg^. 

Maximal objects are characterized by the following universality f |CLl| . Proposition 3.3.5): Let 
dJl G Mod/g^. The couple {Max'^ (DJl) , o^^^) is characterized by the following universal property: 

• The morphisni Te{L^i^^) is an isomorphism. 

• For each couple (9Jl',/) where 971' S Modyg^ and /: ?DT — ;> dJt' becomes an isomorphism 
under Tg, there exists a unique map g: W -> Max'"(97l) such that g o f — l^^^^. 

This property gives rise to a functor Max'^: Mod/g^ — Modyg^. If we denote by Maxyg^ its 
essential image, Caruso and Liu proved that 

Theorem 5.2 ( jCLlj . Theorem 3.3.8). The category Maxyg^ is abelian. Moreover, kernels, 
cokernels, images and coimages in the abelian category Max^g^ have explicit descriptions. 

The restriction Tg on Max/g^ is exact and fully faithful (cf. |CL1| . Corollary 3.3.10). 

Mod^g^ ^ -Rept„,(Goo) 




The theory for minimal objects proceeds if we take a "dual" to the above theory. By Proposition 
5.6 of (CL2] . ii r — oo, the functor Tg is an anti-equivalence of categories: 

Tg: Max;°g^ ^ Rep,^^{Goo). 

For more precise properties, see Section 3 of [CLlj . 

5.2 Etale ((/?, G')-modules 

In this subsection, we give a notion of etale {ip, G')-modules. The idea in this subsection follows 
from that of the {(p,T) -theory given in jCa4) . As one of the main theorem in (Ca4j . we prove 
that the category of various etale {(p, G)-modules are equivalent to the category of various Zp- 
representations of G, including the case where p = 2. 

Hercd, we put — VF(Fri?)^°°, which is absolutely unramified and a complete discrete 
valuation ring with perfect residue field FrR^°° . Furthermore Og, is a closed subring of W^(Fri?) 
for the weak topology. Put — FrO^ = Oq[1/p]. By definition, V'w(Fr_R)[i/p] is stable on Oq 
and £^ which is bijective on themselves. Furthermore, G acts on Oq and continuously. Since 
an inclusion O — >■ Oq (resp. £ S^) is faithfully fiat, for any etale (/^-module M over O (resp. 
over £), a natural map M — > Oq ®o M (resp. M -> £q M) is an injection. By this embedding, 
we regard M as a sub O-module of Oq ®o M (resp. a sub module of £q ®£ M). Similarly, a 
natural map M ®^^o M (resp. M — > f ^ Cgj^^g M) is an injection and by this embedding we 

regard M as a sub ip{0 ^ymodule of ®^p,o M (resp. a sub (p{£Q)-m.odu\e of £q ®^p^s M). 

^ In |Ca4| . rings and f^j are denoted by £i^^ and €t, respectively. 
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Definition 5.3. An etale {ip , G)' -module over O (resp. an etale {(p,G) -module over O) is a triple 

'M = {M,(pM,G) (resp. M = {M,(pM,G)) where 

(1) (M, (Pm) is an etale (/s-module over O, 

(2) G is a continuous Oi^-semi-linear G-action on 00 M (resp. ®ip,o M) for the weak 

topology, 

(3) the G-action commutes with (po^ ipM, 

(4) M C (Og ®o M)"'< (resp. M C (O^ M)^^). 

If M is killed by some power of p (resp. free over O), then 'M (resp. M) is called a torsion 
etale {(p,G) -module (resp. a free etale {ip,G) -module). By replacing O and O^j with f and 
respectively, we define an etale {ip^G)' -module over £ and an etale {(p,G)-module over £. 

Denote by '^IsAJq^ (resp. '^M.Jq, resp. '^M.J^) the category of torsion etale {p, G)'-modules 
over O (resp. the category of free etale ((^, G)'-modules over O, resp. the category of etale (</?, G)'- 
modules over £). Similarly, we denote by $M^q^ (resp. $M^q, resp. ^Is/ljg) the category of 

torsion etale (95, G)-modules over O (resp. the category of free etale {p}, G)-modules over O, resp. 
the category of etale ((/?, G)-modules over £). 

If ' M is an etale [p, G)'-module over O, then G acts on Ogi ®ip,Ofy {Oq ®o M) by a natural 
way. We obtain G-action on ®ip,o M via 

Ov.Og (^g ®c> Af) ~ (8)y,e) Af, a (g) (6 (g) a;) a<^(6) a; 

where a, 6 e O^, x G M. This G-action equips M with a structure of an etale {cp, G)-module over 
O. Conversely, if M is an etale {(p, G)-module over O, we obtain G-action on 00 M via 

0(^-1, Og (0(3 0v,o ^) ^0(3 00^, a (6 .1;) a^"^(fe) x 

where a,b G O^, x € M. This G-action equips M with a structure of an etale {(p, G)'-module over 
O. Consequently, we have canonical equivalences of categories 

'*Mfo^ ~*Mfo^, '*Mfe,^*Mfo. (5.2.1) 
By the same way, we obtain 

'$M^£ ~ *M^£. (5.2.2) 

In the following proposition, A4 and T are functors defined in Section 2.2. 

Lemma 5.4. (1) For all finite torsion Zp-representationsT of Goo (resp. finite free Zp-representations 
T of Goo, resp. finite Qp-representations T of Goo), a natural map 

Oq 0o M{T) ^ Homz^[jj^j(T, W{YyR)oo) 
(resp. 0o M{T) ^ Homz^[H^](T, W{¥rR)), 
resp. 5^ 0£ A1(T) ^ HomQ^[H^](T, W(Prii)[l/p])) 

is an isomorphism. 

(2) For a/i torsion etale p-modules M over O (resp. free etale tp-modules M over O, resp. etale 
ip-modules M over £), a natural map 

T{M) ^ Homog,^(C'^ 0o M, W{YvR) 00) 
(resp. r(M) ^ Homo^.^(0^ 0o M,W(YtR)), 
resp. r(M) ^ Hom£g,^(fg 0£ M, W(Fri?)[l/p])) 

is an isomorphism,. 
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Proof. We only prove the torsion case. The rest cases can be checked by a similar manner. First 
we consider (1). Taking a tensor product W{FrR) over O"'' to (|2.2.3p and picking up a iJoo-fixed 
parts, we obtain a natural bijective map 

®o (O" f^z, Tf^ ^ (ly (Fri?) T)"^ . (5.2.3) 

If we replace T in (j5.2.3p with its dual representation, we obtain the desired result. Using (|2.2.ip . 
we can check (2) by a similar way. 

□ 

We define a contravariant functor 'Xi : Repto,.(G') — ?> '^'M'^q^ as below: For any T £ RepjQj.(G'), 
define 

'MiT) ^M{T)^ HomG„(T, 

and we equip a G-action on Oq®oJ^{T) via the isomorphism Oq®oJ^{T) — Homz^j/^^] (T, M^(Fri?)oo) 
(cf. Lemma [5^ (1)). Here G acts on the right hand side by the formula {a.f){x) — (j{f{(j^^{x))) 
for cr e G and <T e G any lift of cr, / G HomZp[ff^](T, W^(Fri?)oo), a; G T. 

On the other hand, we define a contravariant functor 'T: '^My^^^ — > Rep^Qj.(G) as below: For 

any 'M e '^Mf^^, define 

'r('Af) = r(M) = Homo,^(M,f"V0") 

and we equip a G-action on 'T{'M) via the isomorphism T{M) ~ Homc)g.;p(C'g, Af, W{FtR)oo) 
(cf. Lemma [5^ (2)). Here G acts on the right hand side by the formula {a.f ){x) — a{f{a^^{x))) 
for CT G G, / G Homog,^(0(5 ®o M, W{FtR)oo), a; G ®o Af. 

We also define a contravariant functor 'A4: Repfj.(G) '$My^Q (resp. 'A4: RepQ^(G) — ?► 
'^Mfg) and "T: '^M^^o, ^ R-epf,(G) (resp. "f : '*M^£ ^ RepQ^(G)) by a similar manner. 

Combining 'T, ' with (j5.2.ip or (|5.2.2p , we obtain contravariant functors 

M: Rcpt„,(G) ^ *Mfo„, M: Repf,(G) ^ ^Mf^, .M: RepQ^(G) ^ ^Mf^ 

and 

t: *Mfo^ ^ Rept„,(G), t: *Mfo -> Repf,(G), t: ^Mf^ ^ RepQ^(G). 

Proposition 5.5. The contravariant functor 'T is an anti- equivalence of categories between ^M.'^q^ 
{resp. *M/^(^, resp. ^M.^^-) and Rep^^j.{G) {resp. Repfj.(G), re.sp. RepQ^(G))J. Furthermore, M 
is a quasi-inverse of T . 

Proof. By Proposition 12.11 we have already known that, for an etale (93, G)-module M and a 
representation T of G, canonical morphisms M — ^ M.{T{M)) and T — > T{M{T)) are isomorphisms 
as etale (^-modules and Goo-representations, respectively. It is enough to prove that the former 
is compatible with G-action and the latter is G-equivalent. In the following, we only prove the 
torsion case; the same proof proceeds for rest cases. It is enough to prove that functors 'T and 
' jO{ are inverses of each other. Take any ' M G '^M^^,^. We show a canonical isomorphism 

r]:0^®oM-^ ®o M{T{M)) 

is G-equivalent. By definitions of functors 'T and ' the following composition map 

Og ®o M{r{M)) ^ Homz^[H^](r(Af),I^(Fri?)oo) 

^ Homz^[H^](Homog,^(OG ®o M, W{FvR)oo),W{FtR)^) 
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is G-equivalent. By composing this map with 77, we obtain the map 

7?: ®o Af ^ Homz^[ff^](Homog,^(C'c ®o M, W^(Fri?)oo), VF(Fri?)oo) 

which is given by x i-^ (/ f{x)) for x e (g)o M, / e Homog,y(Og, (g)o M, W{FtR)oo). It 

is a straightforward calculation to check that 77 is compatible with G-actions, and thus rj is also. 
Consequently, we obtain the result that 'Ai o '7~ ~ Id. By a similar argument we can obtain 
'T o 'Ai ~ Id and this finishes the proof. 

□ 

Remark 5.6. By definitions of T and Ai and the theory of Fontaine's etale (^-modules, we see that 
these functors preserves various structures of categories. For example, these functors are exact and 
commute with the formation of tensor products and duals. Here the notion of the tensor product 
of etale (ip, G)-modules and that of dual etale {(p, G)-modules are defined by natural manners. 

5.3 Link between Liu's (y?, G')-modules and etale (99, G')-modules 

In this subsection, we connect the theory of Liu's (93, G)-modules and the theory of our etale 
{(f, G)-modules. 

Let DJl — (9Jt, (fi, G) be a ((p, G)-module, or a weak [ip, G)-module, in the sense of Definition 
12.61 Extending a G-action on TZ ®^^e to Oq {TZ (Si^p^e 9^) by a natural way, we see that 
?0T[1/m] — Cc^e 9Jt has a natural structure of an etale (93, G)-module over O (recall that G acts on 
W^(Fri?) ®ip,e 9Jt continuously for the weak topology by Definition 12.61) . This is the reason why a 
G-action in the definition of an etale {ip, G)-module is defined not on M but on (8)1^,0 M. 

In the below, we denote by 2lt[l/M] the etale ((^, G)-module over O obtained as the above. Note 
that there exists a canonical isomorphism of Zp-representations of G: 

In fact, we have canonical isomorphisms 

r(lH^]) ~ Homo^,^(0^ 0^,0 (9?l[l/u]), WiFTR)o^) 
~ Honi^^(:^ ®^,e W{FrR)oo) 
~ Hom^^(:^ ®^,e 971, W{R)oo) = f{m) 

by Lemma Em (1) and Proposition B. 1.8.3 of Tb| (see also the proof of Corollary [332) ■ 

In the below, we want to use various morphisms between Liu's {ip, G)-modules and etale ((/?, G)- 
modules. To do this, we need to define some notions. Let Mod(iy9, G) be the category whose 
objects are (ys-modules DJl over 6 killed by a power of p equipped with a Og-semilinear G-action 
on Oq (8)^,e Morphisms in Mod{(p, G) are defined by a natural manner. Then categories 
wMod^'g , Modyg and #M/^£,^ can be regarded as full subcategories of Mod(iy9, G). We call 
a morphism /; 9Jl — > in the category Mod((/3, G) a morphism of {ip,G) -modules, and we often 
denote fhyf-.M^M. 

Definition 5.7. Let 9)1 be in ^Mod^^ or Mod^'g , and M e ^M^q^ equipped with a morphism 
/ : 3Jl — ^ of {(p, G)-modules. If / is an injection as a ©-module morphism, then dJl can be 
regarded as a subobject of M in the category Mod((y9, G). In this case, (the image of) DJl is called 
a sub {p, G)-module of AI. 

Proposition 5.8 (Analogue of scheme theoretic closure). Let 9Jt be in wMody'j^ {resp. Mod^'g ) 
and M G ^My^^^ . Let f : DJl M be a morphism of (ip, G) -modules. Then, ker(/) and im(/) as 
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ip-modules are in Mod/@^ . Furthermore, the G-action on DJl gives ker(/) a structure of a weak 

[ip,G)-module (resp. a {ip,G) -module) and the G-action on M gives iin(/) a structure of a weak 
{ip,G)-module {resp. a {ip,G) -module). 

In this paper, we often denote im(/) by fijXfl) or /(9Jt). 

Proof. The proof is same as that of Coronarv l2.19l □ 

The above proposition gives us a result on a successive extension for {ip, G)-modules, which is 
an analogue of Proposition l2.9l (4). 

Corollary 5.9. Let EDt be in wMod^'g {resp. Mod^'g ). Then there exists an extension 

= Wlo C OHi C ■ • • C OTfc = 2)1 

in Modyg^ which satisfies the following; for any i, 

(i) dJli/DJti-i is a finite free kluj-module, 

(ii) dJli and SJli/DJli-i have structures of weak {ip,G) -modules of height r {resp. {ip,G) -modules of 
height r) which make a canonical exact sequence 

^ sHj_i -^m^^ Dn7/M'^-l o 

in wMody'j^ {resp. Mod^'g ). 

Proof. Putting M — D}l[l/u], we have seen that M — 9Jt[l/-u] is an etale ((/?, G')-module. We 
see that pM and M/pM have structures of etale {(p, G')-modules and then there exists a natural 

exact sequence pM — > M ^ M/pM — of etale {ip, G')-modules. We also denote by pr a 
composition SQl — > Af ^ M/pM which is a morphism of G')-modules. By Proposition 15.81 we 
know that W — ker(pr|gri!) and 971" = pr(9K) have structures of weak {tp, G')-modules of height r 
(resp. {(p, G')-modules of height r) and a canonical sequence — ?> OT' 371 — ?■ 2)1" — >■ is exact in 
wMod^g (resp. Modyg ). Since p"~^97l' — and p97l" = 0, we can obtain the desired extension 
inductively. □ 

Before starting a maximal (minimal) theory, we give one result on the "cokernel" of a morphism 
of {ip, G)-modules, which will be used in the proof of Theorem 11.21 

Proposition 5.10. Let f : 'OJl ^ 'ii be a morphism in wMody'j^ {resp. Mod^'g ). Denote by 
coker(/) the cokernel of f as a morphism of (p-modules. Then q/ ^ is an object of Mod^g^ . 
Furthermore, '^°^"^P has a canonical structure of a weak {(p,G)-module {resp. a {ip,G) -module) 
induced from that of 21. 

Proof. It is enough to check the case where / is a morphism in Mod^'^ . Put G = cokcr(/) and 

denote by Gu-tor the u-torsion part of G. By Proposition 12.91 we see the fact that ^ is an 
object of Mod/g^ . Since G is finitely generated as a S-module, there exists an integer n > such 
that u^Gu-tor = 0. Then G' — u^G is w-torsion free and thus G' is a torsion Kisin module of finite 
height. By Corollarv l2.131 we have that a natural map TZ <S)ip,e G' TZ ®^.e G is injective. Since 

the composition map TZ ®ip^e ®ip,e G' ^ TZ ®,^,e C is the multiplication-by-w"^ map, 

if we regard TZ ^^p^e C as a submodule of TZ ®^,e C, we obtain u^p{TZ (g)^,e G) C TZ ®(^,e C- 
Since G' G Mod/^^ , we know that TZ ®(p,e G' C O ®(^,e C and thus TZ ®^,e C is w-torsion free. 
Therefore, denoting by {TZ ®i^,e C')„_tor the w-torsion part of TZ (E><p,s C, we obtain 

u"P{n®^,eG)u-tor = 0. (5.3.1) 
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The exact sequence Cu-tm — > C — > C" of ©-modules induces the exact sequence 

^ 7^ ®^,6 C'^.tor ^ 7? ®^,6 C a ®^,6 C" ^ (5.3.2) 

since Torf (C",7^) = (see Corollary I^Hj) . By dSXT]) and we obtain the equality 7^ (8)^,e 

C«-tor = (Tl 'S)ip,e C)„_tor hi 7?. (gJi^.e C'- On the other hand, we remark that G-action on TZ (8>i/3,e ^ 
induces that on TZ ^ip^e C. Since G-acts on {TZ (E)ip.e G)„_tor stable, we can equip a G-action on 

TZ (8>¥',e crv~ using the exact sequence — > 7?. ®(p,e G„_tor —J' TZ ®ip.e C TZ ®<^,6 ^^^^ > 0. 

Then it is not difBcult to check that "q^/ = -q^ — is a ((^, G)-module. 

□ 

Remark 5.11. Let ^> T' ^ T ^ T" ^> and be as in Theorem Admitting notions of 
etale (1^9, G)-modules, the proof of Theorem 14.51 implies that the sequence (*) : ^> 9Jt" ^ 9Jt A 
OJl' — > appeared in the theorem is obtained by a natural way: let ^> M" — > M —5- M' ^ be a 
sequence of etale ((/?, G)-modules corresponding to (*). Then IDt is a sub {ip, G)-module of M and 
an' = g{m) (resp. an" = 971 n M) has a structure of a sub {ip, G)-module of M' (resp. M"). 

5.4 Definitions of maximality and minimality 

In this subsection, we construct maximal objects (resp. minimal objects) for ((^, G)-modules by 
using the theory of etale {ip, G)-modules given in the previous section. Let M = (M, (p, G) G 

$My^Q^ be a torsion etale (i^s, G)-module over O. We denote by Fq'^{M) the (partially) ordered 
set (by inclusion) of *H £ Mody'j^ which is a sub {(p, G)-modules of an etale {(p, G)-modulc M such 
that 2n[l/M] = M. Note that S5t is a sub {ip, G)-modules of M if and only if a natural injectior|f| 
(Sip^e 2n ^ Oq (3(^.0 M is G-equivalent. 

Lemma 5.12. Let M be a torsion etale {ip,G) -module. Let DJti and ^2 be in Mod^g endowed 

with injections SOti — > M and DJt2 — > M of {(p, G)-modules. Then 97112 = 9Jti + 9Jt2 {resp. 9n'i2 — 
DJli n 9n2) in M has a structure of a {(p,G) -module of height r. In particular, the ordered set 

Fq^ {M) has finite supremum and finite infimum. 

Proof. First we note that 97112 (resp. 9ni2) is contained in Mod/@^ and 9Jti2[l/M] = M (resp. 
9Jt'i2[l/"] = -^)> the proof of Proposition 3.2.3 in |CL1| . Furthermore, 971^2 is canonically 
isomorphic to the underlying Kisin module of the kernel of the morphism of {ip, G)-modules 

OTi © OT2 ^ Wti + 10^2 C Af , {x,y)^x-y. 

Thus we obtain the desired result for 971^2 by Proposition [5^ Since G-actions on TZ ®ip^e 97li and 
TZ 01^, e 2n2 is restrictions of the G-action on ®^^o M, G acts on TZ ®ip,e ^12 — TZ iXit^.s ^1 + 
TZ 

2712 C Oq ®ip,o M stable. For any a ^ G and x G TZ®^^q 97li2, taking xi G TZ®ip^Q Ml and 
X2 G TZ®ip^Q'Sfl2 such that a; = xi -f 0:2, we have u{x) — x = {a-{xi)—xi) + {o{x2)~X2) G I+{TZ®,^^q 
97ti) + /+(7^ «)^,© 9712) = I+{TZ 97I12) and thus G acts on (7^ ®^,e 97^l2)//+(7^ ®^,e "^12) 
trivial. Hence 2ni2 = (97112,1^3, G) is a {ip, G)-module and we obtain the desired result. □ 

Proposition 5.13. Fg'''(M) has a maximum element. If r < 00, then it also has a minimum 
element. 

Proof. Suppose that Fq^{M) does not have a maximum element. Take any dJl — dJlo G Fq^{M). 
Since Mq is not maximum, there exists a m[ G F^^{M) such that 97lo 9n'i. Put 97ti = 97lo+97l'i 

natural map TZ ^ip^e 9Jt — > ®if,,o ^'^ injective by Corollarv l2.12l 
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in M . By Lemma [5.121 SOTi has a structme of ((^, G)-module, we denote it by StJti. We see that 

G F^^(M) and ato C Mi. Inductively, we find G F^'^{M) with infinite length increasing 
sequence 

Strto C C S«2 C . • • 

in Fq{M). However, this is a contradiction by Lemma 3.2.4 of (CLl) . The proof of the assertion 
for a minimum element is the same except only that we use Lemma 3.2.5 of }CL1] . □ 

Remark 5.14. If Fq'^{M) is not empty, then Fq''^{M) does not have a minimum element. In 
fact, if dJl is an object of Fq''^{M), then we obtain the infinite decreasing sequence 



m>um> u^m > ■■ 



in F^^^(M). 



Definition 5.15. Let £ Mod/g^. We denote by Ma.x'{Vn) (resp. Min'^(OT)) the maximum 

element (resp. minimum element) of Fq^ {Dyi[l / u]) . It is endowed with a morphism of {(p,G)- 
modules l™^^: M -■ Max^{m) (resp. t^i^: Min(»l) M). We often denote by max''(<m) (resp. 
min''(fDt)) the underlying sub </5-module over © of Max''(OT) (resp. Min''(aH)). We say that SH is 
maximal (resp. minimal) if t^^x (resp. is an isomorphism. 

5.5 Maximal objects for (99, G')-modules 

In this section, we prove various properties of maximal objects. 

Proposition 5.16. DeMnition \5.15\ gives rise to a functor Max^ : Mody'^^ Mod^g . 

Proof. We have to prove that any map f : M ^ M' induces a map Max''(OT) Max''(*0l'). The 
map g = f[l/u] : m\T/u] dJV[l/u] is a morphism in *M^o^. By Corollary EH g{Max''{^)) is 
a sub (</j, G)-module over 6 of 9Jt'[l/M]. Since dJl' is maximal and g(Max'"(9n)) + OT' is an object 
we see the underlying (^-module of 5(Max'^(9Jl)) is contained in 9JT' and we have 
done. □ 

Denote by Max^'^ the essential image of the functor Max'' : Mod^'g — Mody'j? . It is a full 

subcategory of Mody'^ . The following two propositions can be proved by essentially the same 
method of jCLl] (cf. Proposition 3.3.2, 3.3.3, 3.3.4 and 3.3.5) and we omit the proof. 

Proposition 5.17. (1) The functor Max" : Mod/'g^ ^o^/g^ is a projection, that is, Max'^ o 
Max'' = Max''. 

(2) The functor Max'' : Mod/'g^ ^^o^/g^ is left exact. 

(3) The functor Max'' : Mod/g^ ^ ^^X/e.^ 

is a left adjoint to the inclusion functor Maxyg — 

Proposition 5.18. Let VJl G Mod^'g . Then the couple {Max^ (DJl) , l^^^) is characterized by the 
following universal property: 

• the morphism T{i^^^) is an isomorphism; 

• for any VJl' G Mod^'g endowed with a morphism / : SDt — > dJl' such that T{f) is an isomor- 



phism, there exists a unique g: 371' — ?■ Max'^(9H) such that g o f 



i. 
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Here we are ready to prove the essential part of Theorem 11.2 



Theorem 5.19. The category Max^'^^ is abelian. More precisely, if f '. ^Ot — > DJl' is a morphism 
in Max'/S , then 

(1) if we denote the kernel of f as a morphism of ip -modules by ker(/), then ker(/) is an object 
of Mod^g^ and has a canonical structure of a {ip, G)-module of height r. If we denote it by 

ker(/), then it is maximal and is the kernel of f in the abelian category Max^'g ; 

(2) if we denote the cokernel of f as a morphism of (p-modules by coker(/), then '^°^°^^P is 
an object of Modyg^ and has a canonical structure of a {ip,G)-module of height r. If we 

denote it by '^°^^^^P , then Max'' ( ) is the cokernel of f in the abelian category Max^'^^ ; 

moreover, if f is injective as a morphism of ip-modules, then coker(/) has no u-torsion; 

(3) if we denote the image {resp. coimage) of f as a morphism of Lp-modules by '\va{f) {resp. 
coim(/)), then im(/) (resp. coim(/)) is an object o/Modyg^ and has a canonical structure 

of a {ip,G)-module of height r. If we denote it by iin(/) (resp. coim(/)), then Max'^(iin(/)) 



(resp. Max'"(coim(/))) is the image {resp. coimage) of f in the abelian category Max 



r,G 



Proof. (1) By Corollary 12.191 we know that kcr(/) has a structure of ((p, G)-modulc of height 
We have to show that ker(/) is maximal. Consider the diagram below: 



0- 



0- 



■ ker(/) 



■ max''(ker(/)) 



■ker(/)[l/w] 



■ m- 



max''(jm) 



■ m[i/u] 



max''(»l') 



■ m'[i/u] 



Top and bottom horizontal sequences are exact as (/s- modules over 6. Put Stmax = max''(ker(/)) + 
971 in 93t[l/u] and observe that 97lmax G Mod/g^ and 5Hmax has a structure of a {ip , G)-modu\e 

with injection of G- modules OTmax ^ 9Jt[l/M]. Since 971 C 97lmax C 97t[l/u], we have 97lmax[l/'"] — 
m[l/u] and thus 97W G i^e''^(97t[l/M]). Since 971 is maximal, we obtain 97Tmax C 97t. Therefore, 
we have ajtmax C 971 n ker(/)[l/u] = kcr(/) (where the equality 97t n ker(/)[l/u] = ker(/) follows 
from the above diagram) and hence ker(/) is maximal. 

(2) By Proposition 15.101 we know that '^°^"J"Jj} has a structure of a {(p, G')-module of height r 

induced from that of SH'. By Proposition 15. 171 (3), to check Max'' ( '^'^_^llP ) is the cokernel of / in 

the category Max^'g is not difficult. 

Next we prove the latter assertion; suppose / : 971 — )■ 971' is injective as a morphism of (/S-modules. 
Put G = coker(/) (as a 6-module). The following diagram of exact sequences of iy9-modules are 
commutative; 







■97t- 



C- 



■0 



■ m[i/u] 



■ m'[i/u] 



G[l/t 
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Put 9^ = 9Jt[l/w] n SOT'. We claim that 93t = OT. If we admit this claim, we see that g is injective 
and thus C is w-torsion free, which is the desired result. Hence it suffices to prove the claim. 
The inclusion 971 C 9^ is clear. To prove 9^ C OT, it is enough to prove that 9^ has a structure 
of a (v?, G')-module and £ F^^{m[l/u]). By the proof of Proposition 3.3.4 of [CLT] . we know 
that 91 G Mod/e^. Furthermore, we see that 9a[l/u] = 9Jl[l/u] since OK C 91 C m[l/u]. If we 
denote by C' the cokernel of the inclusion map 9^ SOT', then we know that C'[\/u] = C[l/u] 
and 9Jl' ^ 9JI'[1/m] induces an injection C" ^ C"[l/ii], in particular, C" is u-torsion free and 
C G Modyg^. By Corollarv l2.12l and l2.lll two horizontal sequences of the diagram 

TZ (g}^,e 9^ ^ ^ ®v,e 971' H ^^,e C 



^ n «)^,e (91[1/m]) ^ -R (8)^,6 (an'[l/u]) ^ -R (K)^,e (C"[l/w]) ^ 0. 

are exact as 7?.-modules and all vertical arrows are injective. Since 9l[l/7i] = ^^[l/w], we obtain 
the equality 

n (^.p,e 91 = (7^ (8)<^,e (9t[l/u])) n {H ®^,6 M') 

in TZ (S^^^e (SfT'il/u]). It is not difficult to check that the G-action on TZ iX)^,e extends to 
Tl®ip,e (^nil/""]); which coincides to the restriction of the G-action on ®ip.e (SOT'[l/w])- Hence 
the G-action for Oq ®ip,e (9^' [!/■"]) is stable under Tl®^p^e 91 and 91 has a structure of a weak sub 
{lP, G)-module of SOT'. Since G' £ Mod/g^ , the exact sequence Q ^ TZ (X)^,e 91 ^ 7?. (X)^,e 9K' 
Ti-®ip,G G' — > allows G' to have a structure of a weak ((p, G)-module. By Corollarv l2.20[ we know 
that 9T is in fact a ((p, G)-module. Therefore, maximality of 971 implies that 91 C 971. This proves 
the claim and we finish the proof of the latter assertion of (2). 

(3) Let / : — ?> OT' be a morphism in Max^'g . Corollarv 12.191 savs that im(/) has a structure of 
a sub (iy9, G)-module of 971'. The map / induces a map g: im(/) 971'. It is clear that coker(/) = 

coker((7) as ©-modules. By (2) and Proposition 15.101 for the map Max'^(g): Max(im(/)) — > 97t', 
coker(Max''(5)) (as a S-module) is w-torsion free and it has a structure of (v?, G)-modules induced 

from that of fH'. Note that there exists a canonical isomorphism coker(Max'^(5)) ~ '^°u~tm 
((/J, G)-modules. See the exact sequence of (1^9, G)-modules 

-J> Max''(iii^(7)) -^m' ^ coker^(MM;''(g)) 0. 

Since the functor Max'': Mody'^^ — s> Mod^'g is left exact (cf. Proposition 15 . 1 7p . we obtain the 
exact sequence of (ip, G)-modules 

-> Max''(iii^(7)) -^m' ^ Max''(coker'(Ma^''(5))). 

Combining this with the description of kernels and cokernels in the category Max^'g , we obtain 

the fact that Max'^(im(/)) is the image of / in the category Max^'g . The assertion for the coimage 
can be checked by a similar way. □ 

Lemma 5.20. If a: — > 97t and /3: SD! — > 971" two morphisms in Maxy'^^ such that (3 o a = 0. 
the sequence —5- 971' dJl ^ ^Xft" is exact in {the ahelian category) Maxy'^^* ij and only if 
— > 97l'[l/u] — > 97l[l/u] — > 97t"[l/ii] — > is exact in $M^q^. Furthermore, the functor 

is fully faithful. 
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Proof. Since a and /3 is assumed to be G-equivalent, — > — > — > 97l"[l/?i] — > is 
exact in ^Mf^,^ if and only if m'[l/u] m[l/u] 971" ^ is exact in ^M/o^. Thus 
the proof is the same as that of Lemma 3.3.9 in jCLl| . □ 

Corollary 5.21. The functor T defined on Max^'g is exact and fully faithful, and its essential 
image is stable under taking a subquotient. 



Proof. The former assertion follows from the commutative triangle 

r,G 



Max/'g s-Reptor(Go 




where Maxy'^^ #My^Q^ is the functor defined by the assignment *H H> 3Jl[l/u] which is exact 
and fully faithful (by Lemma r5.20p . The latter assertion follows from Theorem 14.51 □ 

Corollary 5.22. The functor Max^ : Mod^'g Max^'^^ is exact. 

Proof. This follows from Lemma [5.201 □ 
Proposition 5.23. The category Max^'g is stable under the extension in Mod^',^ , that is, if 

is an exact sequence in Mod^'^^^ with fH',fH" G Max^^^^ , then *H S Max^^? . 

Proof. The proof is essentially the same as that of Proposition 3.3.13 in [CLlj . □ 

Proposition 5.24. Let dJl G Mod^'^ and id (^: & <E)ip,e 2t — > 2)t the & -linearization of (p. If 
coker(id ® (p) is killed by u^^"^ then is maximal. 

Proof. By Corollarv l5.9l and Proposition 15.231 we can reduce the proof to the case where p9Jl = 0, 
and then the proof is essentially the same as that of Lemma 3.3.14 in |CL1| . □ 

Remark 5.25. All results in this subsection hold even if we replace G)-modules" with "weak 
((y9, G)-modules" (e.g. the existence of maximal objects for weak G)-modules). Proofs are easier 
than that for "(1^9, G)-modules" since we may omit "modulo /+" arguments. 

5.6 Minimal objects for ((/;, G)-modules 

Throughout this subsection, we always assume that r < 00. Here we study minimal objects of 
(if, G)-modules. Many arguments in this subsection are very similar to those of the maximal case 
and of EH]- 

Proposition 5.26. Definition \5.15\ gives rise to a functor Mm^ : Mody'^^ — s> Mod^'g . 

Proof. We have to show that any morphism / : 9Jt — !> *Jl in Mody'^? embeds min'"(*H) into min''(Ot). 

Put M — Wl[l/u] and N — Vl[l/u]. Denote hy g = f[l/u]: M N the morphism induced from 
/. Then g induces Max''(/): Max'' (971) Max''(91), we also denote it by g. We know that the 
kernel M. of the map 

h: Max''(fm) ® Min'^(fri) Max''(fri), (a;, y) ^ g{x) - y 
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has a structure as a ((^, G')-module k of height r. Note that the composition map k — > Max''(2tt) © 
Min''(Oi) — > Max''(9}t) is an isomorphism, where the first arrow is the natural embedding and the 
second arrow is a first projection. In particular, we obtain an isomorphism r/: A[l/u] M. If 
we identify and M via 77, then h is contained in Fq^{M) and thus min''(9Jl) C ^. Taking 

any element x = {x,y) of min^(S[Jl) C K, we have h{x,y) — and thus g{x) — y £ min'^(91). This 
finishes the proof. □ 

Denote by Min^'g the essential image of the functor Min'^ : Mod^'^^ -J- Mod^'g^ . The follow- 
ing can be checked by the same way as that of Proposition 3.4.6 of |CL1] . 

Proposition 5.27. Let 9Jt G Mod^'g . Then the couple {Mm^ (DJl) , is characterized by the 
following universal property: 

• the morphism T{J^\^) is an isomorphism; 

• for any VJl' G Mod^'g endowed with a morphism f : £§1' — > DJl such that T{f) is an isomor- 
phism, there exists a unique g: Min^(*H) — >■ DJl' such that f o g = l^^^. 

Since the couple (Max''(*H^)^, (tmax)^) satisfies the universality appeared in Proposition [5?22l we 
obtain 

Corollary 5.28. For G Mody'^^ , we have natural isomorphisms 

Min''(OT^) ~ Max'' {my and Max''(OT'') ~ Min''(OT)^. 

In particular, duality permutes subcategories Max^'g and Miuy'^ . 

The following proposition can be proved by essentially the same method of [CLlj (cf. Proposition 
3.4.3, 3.4.8, Lemma 3.4.4 and Corollary 3.4.5) and we omit the proof. 

Proposition 5.29. (I) The functor Min'' : Mod/g^ Mod/'g^ is a projection, that is, Mm^ o 
Min'' = Min''. 

(2) Let f-.m ^ be a morphism m Mod/g^ . Then /(Min''(<H)) = Min''(7(OTj). {For some 
notations, see Provosition \5.8[ ] 

(3) Let f : Vifl ^ be a morphism in Mod^'g . If f is surjective {resp. injective) as a &-module 



morphism, then Min'^(/) is also. 

l^g r IVJ-lllyg to U: IhyibL LitiJUIjILL bU t-/ fcO 1 1 Ll^i LbO tU I L JUiIhl^LUI IVXlll^g 



(4) The functor Min'' : Mod/g^ -J> Min^'g^ is a right adjoint to the inclusion functor Min?g — )■ 



Mod/g_^. 

Theorem 5.30. The category Min^'g is ahelian. More precisely, if f '■ IDt — > fDt' is a morphism 
in Min'J'? , then 

(1) if we denote the kernel of f as a morphism of (p -modules by ker(/), then ker(/) is an object 
o/Modyg^ and has a canonical structure of a {ip, G)-module of height r. If we denote it by 

ker(/), then Min'^(ker(/)) is the kernel of f in the abelian category Miuy'^^ ; 

(2) if we denote the cokernel of f as a morphism of ip -modules by coker(/), then '^°^"^P is an 
object o/Mody@^ and has a canonical structure of a {ip, G)-module of height r. If we denote 

it by ; then it is minimal and is the cokernel of f in the abelian category Mhij^ ; 
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(3) if we denote the image [resp. coimage) of f as a morphism of ip-modules by ini(/) {resp. 
coim(/)), then ini(/) {resp. coim(/)) is an object o/Mod^g^ and has a canonical structure 

of a {if, G)-module of height r. If we denote it by im(/) {resp. coini(/)), then it is minimal 
and is the image {resp. coimage) of f in the abelian category Min^'g . 

Proof. (1) Since the functor Min*^ is right adjoint (Proposition 15.291 (4)). we see the desired result. 

(2) Put C = Recall that C is an object of Mod/g^ and has a canonical structure of a 
{ip, G')-module of height r (Proposition 15.10")) . If we denote by g a natural projection dJl' — > C, by 
Proposition 15. 171 f3). we have 

C = g{mi') ^ g{Min'{m')) = Min"(g(OT')) = Min"(C) 
and thus C is minimal. 

(3) Let g: C ^ 9Jt' be as in the proof of (2). By (1) and (2), we see that the image of / in 
the category Min^Q is Mm^{keT{g)). Let DJlg be the underlying Kisin module of Min^ {keT{g)). 
Then DJlg is an inverse image of the u-torsion part of coler(/) with respect to a natural projection 
2H' — > coler(/). Since 9Jlg is finitely generated as a 6-module, there exists a positive integer N 
such that u^Vyig C im(/). Hence we obtain the equation 9Jlg[l/w] — im(/)[l/w]. Consequently, by 
Proposition 15. 291 (3). we have 

Min''(k^)) = Min''(OTg) = Min"(/(fm)) = /(Min''(OT)) = /(OT) = i^T) 

and thus im(/) is minimal. The proof for coimage is similar and hence we omit it. □ 
Proofs for the following three results are similar to those of the maximal case. 

Lemma 5.31. // a: DJl' — !• DJl and /3: fDt — > OT" two morphisms in Min^'g such that (3 o a — 0. 
the sequence SH' DJl ^ DJl" is exact in {the abelian category) Minj'^ if and only if 
SoFiT/m] m\l/u] Djf[L/u\ ^ is exact in ^Mf^^. Furthermore, the functor 

is fully faithful. 

Corollary 5.32. The functor T defined on Min^'^? is exact and fully faithful, and its essential 
image is stable under taking a subquotient. 

Corollary 5.33. The functor Min'' : Mod^'g^ ^^'^'/e^ '^^ exact. 

Put e — [K : Kq], the absolute ramification index of K . li er < p — 1, then Fg(Af ) contains at 
most one element (cf. [CLlj . Remark just after Corollary 3.2.6) and hence all torsion {ip, G)-modules 
of height r are automatically maximal and minimal. Therefore, we obtain 

Corollary 5.34. Suppose er <p—l. Then Maxy'^^ — Mod^'g — Min^'g . In particular, the 

category Mod^'g is abelian and the functor T : Mody'^^' — ^ Rep^oj. (G) is exact and fully faithful, 
and its essential image is stable under taking a subquotient. 

Remark 5.35. Similar to Remark I5.25[ all results in this subsection hold even if we replace 
"((^, G')-modules" with "weak ((^9, G')-modules" . 

5.7 Some remarks 

First the reader should be careful that there are no new results in this subsection. 
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5.7.1 Connection with a lifting problem 

Let r G {0, 1, 2, ... , oo}. Let Repf'''^(G) be the category of lattices inside semi-stable p-adic rep- 
resentations with Hodge- Tate weights in [0,r]. Let RepjQ^'^(G') be the category of torsion Zp- 
representations T such that there exists lattices Ai,A2 € Repf*''^(G) satisfying Ai C A2 and 
T ~ A2/A1. The pair Ai C A2 is called a lift ofT. We are interested in the following question: 

Question 5.36. For any T G RepjQ^(G), does there exists an integer r > such that T G 
Rep?*';(G)? 

If r is a tamely ramified Fp-representation, then Caruso and Liu proved that the question has an 
affirmative answer (cf. [CL2j . Theorem 5.7). If we fix the choice of r < 00, they also proved that 
Question 15.361 has a non-affirmative answer, which follows from a result on ramification bounds of 
torsion representations (cf. 'CL2', Theorem 5.4). 

We connect Question 15.361 to our results in this paper. Recall that Rep[^j.(G) is the essen- 
tial image off: Mod^^ ^ Rept„,(G), which is an abelian full subcategory of RepjQj.(G). For 
simplicity, put Repj*^(G) = Reptoj°°(G). Then the inclusions 

Rept(G) c Repl(G) c Rept„,(G) 

are known (cf. jCL2j . Theorem 3.1.3). Thus Question 15.361 has an affirmative answer if and only if 

ReptQj.(G) — Rep^j(G) and Rep^j-lC) — Reptorl^)- On the other hand, we have seen the following 
commutative diagram between categories: 

Mod^-'* ^ Max^g'* RePtor(G) 



forgetful 



restriction 



Mod;°e„ ^^Max^l^ — ^Rep,,,(Goo). 



Here, the equivalence between categories Max/^^ and ReptQ,.(Goo) in the above diagram is proved 



in Proposition 5.6 of |CL2) . Since the essential image of f : Max^*^ ^ RepjQj.(G) is Rep[^j.(G), 



it seems natural to suggest 



Question 5.37. Is the functor T: Max^'^ ^ Rep^Qj.(G) essentially surjective, that is, an equiv- 



alence of categories? This is equivalent to say that, for any M G $M^q^, does there exist a sub 
(if, G) -module dJt, of finite height, of M such that DJl[l/u\ — M? 

If this has an affirmative answer, then we obtain Rep^;.(G) = RepjQj.(G). In particular, we obtain 

an equivalence of abelian categories Max^*^ ~ ReptQj.(G), which implies that maximal objects 

of torsion {if, G)-modules completely classify torsion p-adic representations of G. On the other 
hands, we ask following questions: 

Question 5.38. Does any torsion {ip,G) -module have a resolution of free {ip,G) -modules? 
Question 5.39. Is the category Rep^j.(G) closed under extensions in RepjQj.(G)? 

Theorem 14.51 might be related with Question 15.391 If one of these questions has an affirmative 
answer, then we obtain Rept*j.(G) = Rep^j.(G). 



5.7.2 Connection with torsion Breuil modules 

If we can prove the explicit relation between the categories of torsion Breuil modules and the 
category of torsion {ip, G)-modules, then our main result in this paper will give a partial answer of 
Question 2 of [CLl] . 
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